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Since Food and Drug Administration (FDA) issued the very first draft guidance in
2010, adaptive designs have been considered to be one of the most promising approaches to
make drug development more efficient and less costly. Two approaches, covariate-adjusted
response-adaptive (CARA) randomization and adaptive seamless phase II/III design (ASD)
have garnered growing attention recently. However, most of the CARA designs are based on
parametric models and suffered from model misspecification. The research of incorporating
CARA into ASD is also limited and whether type I error rate can be controlled has not been
answered. In this dissertation, a new family of CARA emphasizing on efficiency and ethics
using targeted maximum likelihood estimators (TMLE) was proposed to address public
health questions as well as tackle the issue of restrictive modeling assumptions. Moreover,
the combination of ASD and CARA using TMLE was studied under different scenarios. The
asymptotic properties of these approaches were provided and proved rigorously. The

simulation studies were carried out to check the concept further. The operating characteristics



revealed that all of the proposed approaches have well-controlled type I error rates around the

nominal level, increases in power and advantage in other ethical aspects.
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1 Introduction

1.1 Motivation and Objectives

In 2006, the US Food and Drug Administration (FDA) introduced the Critical Path
Initiative (FDA et al. 2004) to help modernize drug and medical device development.
In the Critical Path Opportunities List (FDA et al. 2006), FDA established the expec-
tation in streamlining clinical trials and advancing innovative trial designs. Since then,
adaptive designs have garnered growing attention and been considered to be one of the
most promising approaches to make drug development more efficient and less costly. To
address the increasing demand for the application of adaptive designs in clinical trials,
FDA announced a new draft guidance in 2018 to replace the old draft issued in 2010. Ac-
cording to the draft, adaptive designs are eligible to detect drug efficacy more efficiently
and reduce the number of patients exposed to inferior investigational treatments. The
advantages in statistical efficiency and clinical ethics of adaptive designs make it more
appealing to stakeholders than comparable non-adaptive designs (FDA et al. 2018a).
With the development of new diagnostic techologies and bioinformatics, precision
medicine became one of the most popular areas in applying adaptive designs. Precision
medicine naturally incorporates patients’ covariates such as biomarkers and other charac-
teristics into clinical trial designs. The flexibility of precision medicine may also allow the
clinical trialists to achieve other design objectives such as optimizing power of detecting
treatment effect and minimizing exposure to inferior treatments. Therefore, it is desir-

able to design adaptive randomized clinical trials that incorporate covariates and achieve



ethical and efficient objectives. Covariate-adjusted response-adaptive (CARA) design is
one possible approach satisfying the need. CARA skews the allocation probability for
a new patient based on the full history of the previous patients’ and the covariates of
the current patient to achieve different purposes (F. Hu and Rosenberger 2006). How-
ever, in the literature, the statistical inference of most of the CARA designs are based on
parametric models and may suffer from model mis-specification and type I error inflation.

Moreover, FDA launched a new guidance to outline the use of an innovative seamless
trial design to reduce the time and cost in early stages of oncology drug development
(FDA et al. 2018b). FDA also emphasized its move towards the broadening acceptance
of seamless trials and provided advice to sponsors to efficiently expedite the clinical
development of cancer drugs through multiple expansion cohort trial designs (FDA et al.
2018b). Until 2016, there have been more than 40 active, first-in-human cancer trials
that are using the seamless strategy (Prowell, Theoret, and Pazdur 2016). The seamless
design has been showed to be capable of reducing the lead time and the number of
trials conducted in drug evaluation programs, decreasing the sample size (Bretz, Koenig,
et al. 2009). In the area of phase IT and phase III study, the adaptive seamless phase
II/11T trials (ASD) combine the phase II and phase III into a single and seamless trial
with two stages, the learning stage and the confirmatory stage, and interim analyses
(Bretz, Schmidli, et al. 2006, Stallard 2010). By “adaptive”, it means that in the interim
analysis, a treatment arm selection is carried out and the confirmation stage is conducted
according to the arm selection. The ASD has been shown to have advantage in efficiency

over the standard phase II and phase I1I trials for efficacy confirmation (Bretz, Schmidli,



et al. 2006).

This dissertation proposes the combination of ASD and CARA to leverage covariates
and patients’ historical information to achieve efficiency and ethics objectives. Fur-
thermore, a semiparametric approach based on target maximum likelihood estimation
(TMLE) is provided to tackle the issue of model mis-specification and type I error in-
flation and to achieve an overall better power in treatment arm selection and treatment
effect detection. The theoretical properties and operating characteristics in simulation of

the approach are provided.

1.2 Public Health Significance

The high cost of clinical trials has become one of the major barriers for drug development
and limits patient’s access to novel treatments. Drug companies’ willingness to conduct
clinical trials is decreased by the increasing cost of clinical research. The average cost of
a phase I study conducted in the US ranged from $1.4 million to $6.6 million. A phase
IT study cost from $7.0 million to $19.6 million, whereas a phase III study cost ranged
from $11.5 million to $52.9 million on average (Sertkaya et al. 2016).

By developing innovative approaches to adaptive seamless phase II/I1I clinical trials
with adaptive randomization designs, one can significantly decrease the total number
of patients needed to participate in clinical trials which in turn reduce the cost of new
drug development. Nevertheless, the proposed method takes efficiency and ethics into

account, which magnifies the power of detecting treatment effects and at the same time



diminish the exposure of patients to inferior treatments. We believe this dissertation will
change the practice of implementing clinical trials, expedite the development of precision

medicine, benefit the trial participants and future patients.

1.3 Three specific arms

For seamless clinical trials, it is critical to control the type I error rate which can be
inflated because of the dual influence of multiplicity and selection (Bauer, Koenig, et al.
2010). In addition, adaptive randomization designs pose new challenges. First, the rela-
tionships among the treatment assignments, covariates, and responses are complicated.
Second, the allocation probability functions are often not continuous, so Taylor expan-
sion does not work. Third, the theoretical investigation of CARA and TMLE requires
challenging work related to empirical processes, statistical functionals, and martingales.
To solve these problems, we conducted comprehensive researches and address the
following questions. First, is there a general mathematical framework for combining ASD
and adaptive randomization designs? Second, are there fundamental properties of this
sequential procedure that can provide a theoretical foundation for further investigations?
Third, is it possible to protect the type I error rate? Fourth, what are the advantages
of the combination, especially in terms of efficiency and ethics? Fifth, can we avoid
unnecessary model assumptions and address the problem of model mis-specification?
The objective is to facilitate and expedite the development of precision medicine

and benefit the trial participants by studying seamless phase II/III clinical trials with



adaptive randomization designs. The three specific aims of this dissertation are:

Aim 1: Propose an innovative CARA design targeting both efficiency and ethics analyzed

by using the semiparametric methodology of TMLE in two treatment scenario.

Aim 2: Extend and generalize the CARA design targeting both efficiency and ethics ana-

lyzed by using TMLE (proposed in aim 1) to multiple treatment scenario.

Aim 3: Study the feasibility of combing the seamless phase II/III clinical trials with the

CARA design proposed in aim 1 and aim 2.

In aim 1 and aim 2, we provided a rigorous proof of the consistency and asymptotic
normality in theory. The concept was also tested in simulations in terms of type I error
rate and power. In aim 3, we conducted simulations that mimic real life clinical trials to
further evaluate the operating characteristics (e.g. type I error rate, power, etc) of ASD

with the proposed CARA using TMLE.

1.4 Organization of the dissertation

In section 3, we first introduced the fundamental theories and statistical methods as the
basis of our proposed CARA designs and TMLE. The achievements of aim 1 and aim
2 were combined in generalized framework and presented in section 4. The detail of
the allocation strategies and the asymptotic properties of the designs were introduced.
The implementation of TMLE in analysis and its statistical properties were provided

in section 4. In addition, extensive numerical studies were carried out to evaluate the



operating characteristics and validity of the methodology. In section 5, we introduced
some basic settings and concept of adaptive seamless designs including combination test,
multiple testing and closure principle. The research framework of the combination of
ASD and the proposed CARA using TMLE were developed in section 6. Besides, the
simulation study was conducted and presented in section 6. All corresponding proofs

were relocated to the Appendix.



2 Statistical methods

In this section, we introduced some basic settings in causal inference, statistical func-
tionals and empirical process. They set up the foundation of the nonparametric method-
ology, the TMLE. We adopted the same notations and terminology in “Unified Methods
for Censored Longitudinal Data and Causality” (M. Van der Laan and Robins 2012),
“Targeted Learning” (M. Van der Laan and Rose 2011), “Targeted Learning in Data Sci-
ence” (M. Van der Laan and Rose 2018) and “Introduction to Empirical Processes and

Semiparametric Inference” (Kosorok 2008).

2.1 Data structure in counterfactuals

In a statistical experiment, we denote the true data generating distribution as Fy. Let
a statistical full model M¥ representing a collection of probability distributions for P
that Py € M. M* may possibly contain some parametric models, semi-parametric
models or non-parametric models. The full data structure X can be written as X =
(W, (Y(a),a € A)), where W represents the set of baseline covariates for a subject,
A denotes a collection of all possible treatment or exposure, and Y the outcome. In
many clinical trial applications, we also represent X as X = (X(a),a € A), where
X(a) = (W,Y(a)). According to the concept of counterfactuals, the full data structure
contains all possible realizations of Y under different intervention a € A. Our observed
data O can be viewed as a censored version of X that O = (A, L(A) = X(A)). Here,

censoring means that the full data structure can only be observed partially rather than



fully observed. The censoring variable A indicated windicates what component of X
will be available in the experiment. For example, assume there are two treatment arms
A = {0,1}, the full data structure is X = (W, Y (1),Y(0)). If a patient is assigned to
treatment arm A = 1, the observed data is O = (A =1, X(A = 1)) = (W,Y(1)). The
information on treatment arm A = 0 is censored and unobservable once A is determined
because no one can go back in time to assign another treatment to the same patient.
We denote O; = (Oy,...,0;) and X; = (Xy,...,X;) as the observed data and the full
data of the first ¢ experiments respectively. Let A; = (A;,..., A;) denote the collection
of first 7 observed treatment assignments. Note that here A; is the treatment which the

1-th patient is assigned to. The same notation applies to all other random variables.

2.2 Design settings and assumptions

Design settings here refers to the way how patients are assigned to available treatments
or interventions. In a fixed design, the design settings for each patient is pre-determined
before the trial begins. However, in an adaptive randomization trial, the design setting
is typically dynamic as the trial progresses. It varies from patient to patient and it also
depends on the performance of other patients. In this section, we will give out statistical
definitions of fixed and adaptive design settings upon some commonly used assumptions.

Suppose in an experimental study where experiments are conducted sequentially such
that each individual experiment is carried out right after the previous one and all infor-

mation from previous experiments are collected and available. For the i-th experiment,



we define our design setting g¢; as the conditional probability of the i-th treatment as-

signment A;, given the full data X;:

We denote g,, = (g1,-..,9,) € G as the design settings in the study, where G is defined
as the collection of all conditional probability distribution g;.

In 1991, Heitjan and Rubin introduced the notion of coarsening at random (CAR)
to describe the general form of randomly grouped, censored, or missing data. The CAR
states that the censoring mechanism satisfies coarsening at random (CAR) when the cen-
soring distribution only depends on the observed components of X (Heitjan and Donald
Rubin 1991). In this dissertation, we assume CAR assumption holds by assuming the

conditional probability g is only a function of the observed data O,

gz(Az|Xz) = gi(Ai|Xi7 Oi—l) = gi(Ai|Xi(Ai), Oi—l)ai =1,...,n.

We denote G(C'AR) as a collection of all design settings satisfying CAR assumption, then
we have g; € G(CAR) C Gforalli=1,...,n.

In an experimental study, if one or more of the conditional distributions g; of a
single experiment is a function of (O1,...,0;_1) and satisfies CAR assumption, then we
consider g € G(CAR) as an adaptive design. If all conditional distributions g; of a single
experiment is independent from others, but not necessarily identical, g; # g; for some 7 #
Jj, we refer to the design settings g of the study as a fixed design g € {g : g(A|X) =

h(A, X (A)) for some measurable function h}.



2.3 Probability factorization

The factorization of the data-generating distribution is essential in constructing semi-
parametric parameters of interest in TMLE methodology. Under CAR assumption, the
probability density of a single observation O can be factorized in a Q)y-factor and a design

allocation strategy g as follows:

Pr(o = (a,1)) = (a,1(x))) = Qo((a, [(x))g(alz)
where )y denotes the probability density function of I(z) for a given a. @)y only depends
on the the full data distribution P, of X. We also utilize the notation Py, ,(O) as the
probability density of O. We can easily generalize the density function of a single exper-
iment to a joint probability density for a collection of experiments O, = {O;,...,0,}

under design settings g = {g;,9; € G(CAR) for alli =1,...,n},

Poog(0on) = Qo((ail),i=1,....,n)g(alx)

n n

= [ @olai. ) [ ] gilailzi, 0i-1).

i=1 i=1

For a fixed design with fixed design settings where g is independent of previous obser-
vations, in the i-th experiment, the observed data is constructed by randomly drawing
X; from P, drawing A; from g; and censoring O; = (4;, L, = X;(0;)) ~ Pgye (M. J.
Van der Laan 2008). For an adaptive design, one can randomly draw X; from P, for the
i-th experiment. The A; is drawn from the conditional distribution g;(-|X;, O1,...,0;_1)
which is calculated based on the previous (i — 1) experiments. The observed data then
can be expressed as O; ~ FPg,, where g; is no longer a fixed value but depends the
previous data.

10



For example, in a k-arm randomized clinical trail (RCT), the collection of all possible
treatment is defined as A = {1,...,k}, the baseline covariates is expressed as W. The
endpoint outcome is expressed as Y. Under counterfactual concept, Y (k) denotes the
realization of the endpoint outcome Y when treatment k is assigned, A = k. Therefore
the full data structure is X = (A, W,Y (a) for all « € A) ~ F, while the observed data
structure O = (A, W, Y (A)) ~ Py, The probability factorization of the observed data
is

FQy9(0) = Qo(A, W, Y)g(AIW),
where Qo(A,W,Y) = Py(Y|A, W)Py(W). One important property of this factorization
is that the @-part and g-part are orthogonal (M. Van der Laan and Rose 2011). In other
word, the two parts are independent of each other, and the ()-part is the component that

impacts the evaluation of our target parameter.

2.4 Empirical Process

The theory of empirical process which is a stochastic process that describes the properties
of sums of independent random variables began in 1930s. It has laid a solid foundation
for many subsequent researches. In this section, we will briefly introduce some important
definitions and settings based on Kosorok’s book (Kosorok 2008) that is closely related
to this dissertation.

Let X be a random variable drawing from distribution P, X ~ P. We use notation

Fx as its cumulative distribution function. Also, in some cases, we use F'x to represent

11



the corresponding distribution of X. Let f be a real-valued function, mapping R — R,
whose domain is the space of X. Let F be the set of these real-valued functions such
that f € F. Consider a sample of n i.i.d. observations X;, ..., X,, from P. Let P, denote
the corresponding empirical distribution. We define the operators (or functions) P and

P, on a real-valued function f as following:

Pf = [ fip = Enlf(x)
Rf o= [ rdp =23 )

Throughout this dissertation, instead of being a symbol of distribution, P and P, can
aslo be treated as a function or operator on a real-valued function. Specifically, Pf and
P, f defines the Lebesgue Integral on a set of measurable functions f € F (M. Van der
Laan and Robins 2012).

Let (I®(F), ||l - ||#) denote a normed space of mappings which maps F — R. If
P € [*°(F), the uniform norm is defined by || P||7 = sup;. 7| P f| < oco. Then an empirical

process (¢, is defined by

Gnf = Vn(P.f — Pf) = (Zf — Epf( ))

if f € Fand F C LY(P) (Kosorok 2008). The empirical process G,, as well as P and P,
are elements in ({°°(F), || - ||). The n observations in P, render the randomness in G,

(Kosorok 2008). A class F is called a P-Glivenko-Cantelli class if F is in L*(P) satisfying

HPn_P||fe}':SUPfe}‘|Pnf_Pf| =0

The P-Glivenko-Cantelli class implies that if F is P-Glivenko-Cantelli, then for an em-

12



pirical process \%Gn converges almost surely to zero over all f € F. This property
can be derived directly from law of large numbers. Note that not all functions are in
P-Glivenko-Cantelli class. As F becomes larger, it is harder to ensure all f € F satisfy
the strong convergence.

The P-Brownian Bridge is defined by a random element G from (°°(F) which is

continuous with probability one satisfying that for any k elements from F

(Gfi,....Gfr) ~ N(0,COVp(fi, fi))

A typical P-Brownian Bridge G is defined in a way such that for f € F, Gif =
f — Pf. For any f;, f; € F, we have P(Gf;) = P(Gf;) = 0, and P(Gf, - Gf:) =
P(fif2) — PfiPfy = COVp(fi, f2), which satisfies the definition of P-Brownian Bridge.
Besides, the empirical process G,, can be expressed as G, = %Z?:l G1(X;). A class
F is called a P-Donsker class if the empirical process G, € (I°°(F),| - ||z) converges
in distribution to a P-Brownian Bridge G € (I*°(F),|| - ||z). Note that P-Donsker
class implies a uniformly CLT property over F. In addition, P-Donsker classes are P-
Glivenko-Cantelli classes but the converse is not true. Some examples of Donsker classes
are all monotone functions, all functions with uniformly bounded derivatives and the set
of indicator functions F = {[(_oy : t € R} (Kosorok 2008). In this dissertation, all

functions used are in both P-Donsker class and P-Glivenko-Cantelli class.

13



2.5 Statistical Functional

Statistical functional is a common tool in nonparametric analysis. It provides an elegant
way to define a population quantities as well as an estimator as a functional of the
population. The notion of statistical functional acts as the foundational role in TMLE
methodology. A statistical functional ¥ is a mapping that maps a function space to a
d-dimensional vector of real numbers, ¥ : (I°(F),| - [|z) — R The functional ¥(P)
can be viewed as a projection from an infinity dimensional “vector” (Pf : f € F) to a
real space RY. For example, if we define a functional ¥ such that ¥(P) = Var(X)/E(X)
of a random variable X from a distribution P. This functional actually calculates the
ratio of the variance to the expectation of a given distribution. The functional can also

be written as

Pfy— (Pf)?
w(p)— LAY,
w(p,) = Pnfglzfnﬁ)ﬂ

where f1(X) = X, fo(X) = X2 Therefore, ¥ maps Pf; and Pf, into a real number. In
general, suppose we have n i.i.d. observations X1, ..., X, from a probability distribution
Py. Let U be a target parameter of interest, and let 1y = W(F,) be the true value of
our target parameter. In addition, let P, be the empirical distribution of Xi,..., X,
and let 1, = U(P,) be an estimator of 1. We assume that U(P) = W(P) so that the
estimator targets the desired target parameter vy. If F is a Fy-Glivenko-Cantelli class,
from continuous mapping theorem we have W(P,)— W (P,) converge to zero in probability,

which implied the consistency of the estimator W(P,) (Kosorok 2008).

14



2.6 Functional derivative

A statistical functional ¥ : (I(F),| - ||#) — R? is Hadamard differentiable at P €
(I°(F), || - || 7) with derivative d¥ : (I°°(F), | - ||7) — R if d¥ is a continuous linear map

such that

(P + tyhy) — U(P)
tn

— d¥(P)(h)

for all scalar sequences t, — 0 and all h,, € [*°(F) — h € [*(F). Basically, there are
three types of differentiability, Gateaux, Hadamard and Frechet. Frechet differentiabil-
ity implies Hadamard differentiability, which implies Gateaux differentiability (Shapiro
1990).

The natural thing is that we can connect the differentiability and the asymptotic
property of an estimator of statistical functional (target parameter) by using functional
delta method (Fang and Santos 2014). We suppose ¥ has Hadamard derivative d¥(P)
at P € [*°(F), and the same for P, € [*(F). We assume that F is a P-Donsker class
such that there exists a Brownian bridge G satisfying G,, = \/n(P, — P) =L G If G is

Borel measurable and separable, then the functional delta method says

Or equivalently,
V(U (P,) — W(P)) = d¥(P)(Gy) + op(1) = d¥(P)(vA(P, — P)) + op(1).

U (P,) is referred as an asymptotically linear estimator of ¥(P) € R* with influence curve
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IC(P) € R* if Ep[IC(P)(X)] = 0, Ep(IC(P)IC(P)T) < oo, and
U(P,) — U(P) = (P, — P)IC(P) + op(1/y/n).
Note that IC'(P) is also a functional of P, so it is not a statistic. If W(F,) is asymptotically
linear for W(P), it is easy to show that the influence curve IC(P) is formulated as
IC(P) = dV(P)(Gy).
The inference about W(P,) is implemented by applying CLT,
Vi(B(P,) = W(P)) =5 N(0,3p),

where ¥p = Ep(IC(P)IC(P)T). ¥p can be consistently estimated by its empirical
estimator 3 = LY IC(P)(X3)IC(P,)(X;)". Then we can form asymptotically valid

confidence intervals or confidence regions for W(P).

2.7 Nuisance tangent space

In TMLE, one essential step is to derive the influence curve of the target parameter.
Let L?(P) denote a Hilbert space of functions of random variable X from P with zero
expectation and finite variance endowed with inner product (fi(z), f2(x)) = [ fifodFx
where Fx is the cumulative distribution function (CDF) of the probability distribution
P. Let F., denote a one-dimensional submodel of M* with parameter € € (—4,4) for
some small 4 around zero and an index function g satisfying Fx = Fp 4. A score function

s € L*(P) indexed by g is defined as

S() = s(9)() = o ( G20 )
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A typically used submodel is constructed as dF, ,(xz) = (1 + eg(x))dFx(z) + o(e) with
score function s(g)(X) = ¢g(X). This one-dimensional submodel is very useful in finding
functional derivatives. Note that s(X) needs to be mean zero to ensure that F, ;(x) is
a legitimate cumulative distribution function. Let S be the set of score functions. The
tangent space TF(P) C L*(P) is referred as the closure of the linear space spanned by S.
If the model M* for P is nonparametric, then it follows immediately that the tangent
space is saturated such that T*(P) = L?(P). If the model is not nonparametric, then the
tangent space is unsaturated and is a subspace of L?(P) (M. Van der Laan and Robins
2012).

For a statistical functional ¥ : (I®(F),| - ||) — RY, we assume it is Hadamard
directionally differentiable (pathwise differentiable) in terms of the one-dimensional sub-
models, which means for every s € S

d ) ) —
£W(P€75)}€:0 = lim._, = (l(P),s)p

for an element [(P) € L*(P)? which is called a gradient of the pathewise derivative or
the influence curve. The unique gradient S.;;(P), defined as S.;;; = II({;(P)|T*(P)) €
T¥(P), is called canonical gradient or efficient influence curve. By unique, it means the
projection of gradient I[(P) on T (P) is uniquely determined. For a nonparametric full
model, if influence curve exists, it is also the efficient influence curve. We give three
examples of calculating influence curves. The nuisance scores are given by the scores of

the models P, ; for which ¥ does not locally vary:

d
{S € S . E\I{(PE,SNe:O = O} C S
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The nuisance tangent space T,.,s(P) is now the closure of the linear space spanned by

these nuisance scores:

1P = {s€ 51 ol =0} c TP

Therefore, for any one-dimensional model P, with s € T . (P), we have

Example 1 Suppose we have a random variable Y from a distribution P with cumulative
distribution function F(y). A simple statistical functional is defined as V(P) = E(Y).
We propose a one-dimensional sub-model dF, s(y) = (1 + es)dF(y) with a score function

s(y). The influence curve of ¥ can be derived as following:

e =y = g (f Cwra - [ Twrw) )

_ %( / iooy(1+es)dF(g;;o— / :ode(y)) o
. /_ :O ysdF(y) = /_ :o(y — E(Y))sdF(y)

Therefore the influence curve is IC' =Y — E(Y).

Example 2 Suppose we have an observation O = (Y, A, W) from a distribution P
with cumulative distribution function F(y,a,w). A simple statistical functional is de-

fined as V(P) = E(Y|A = a;,W = w;). We propose a one-dimensional sub-model
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dF. s(y,a,w) = (1 + €s)dF(y,a,w) with a score function s(y,a,w). Without generaliz-
ability, all integrals become summation when the underlying variable is discrete. Then

the statistical functional can be re-written in integral form as

[yl dF
[ 1y, dF

[e.9]

U(P)=E(Y[A=a,W =w)=

and

[yl dF
f+oo Iai,widFe,s

—0o0

J5 YL wdF + € [T yI,,  sdF
J 2 Ly dF + € [ Iy sdF

f—t:o Yl dF n Ef_—’—;o Ylo, w;sdF
fj_oooo [ai7widF fj_oo Iai,widF

o0

€ (fj;o y[ai’widF> (fj;o yIai’wide>

\IJ(PE,S) =

2 + o(e)
(S5 Fuy )
The influence curve of W can be derived as following:
d fj;o Yl o, w;sdF <fj:: yjai7widF> (fj;o Iai,wiSdF>
e (V(P.s) — Y(P)) ‘e—o = Foo g I - 2
f_oo ai’wid (fjozo ]aiﬂmdF)

sdl’ +00 2
> ffoo [ai’widF <‘/‘_+O°OO Iai,widF>

It is easy to confirm that the expression inside the parentheses has expectation zero.

/+°° Y1y w, <fjoooo yIanwidF) La; 0,

Therefore the influence curve is

10(0) =

I(A:aZ,W:wz)

Y — E(Y|A = a, =w,)).
P(A:ai,W:wz)( (Y] ai, W = w;))
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Example 3 Suppose we have an observation O = (Y, A, W) from a distribution P with
cumulative distribution function F(y,a,w). A simple statistical functional is defined
as W(P) = E(Y|A = 1). We propose a one-dimensional sub-model dF,(y,a,w) =
(1+es)dF(y,a,w) with a score function s(y,a,w). Without generalizability, all integrals
become summation when the underlying variable is discrete. The statistical functional

can be re-written in integral form as

mm:Ewm:n:/

—0o0

oo (13 yl(a = 1,w = w)dF(y,a,w)
[ I(a=1,w=w)dF(y,a,w)

[e o]

) dF(y,d’,w'")

and

o0

/+°° f_Jr;o yl(a=1,w=w)dF,_(y,a,w)
_ fj;o I(a=1,w=w)dF.(y,a,w)

oo [ [yL dF e [Tyl sdF o
= Fos dF(y,d' w')
- f_oo Il,w’dF+ Ef_oo [Lw/SdF

+o0 fj_oooo y[17w/dF+€fj_;o yll,w’SdF . ,
te +oo +00 SdF(y,a,w)
- f_oo Il,w/dF+€f_OO Il,w/SdF

+o0 Tyl wdF e [Tyl ysdE
/ dF(y/, CL/, w/) f_T_OOOy 1, + fioooy 1,
_ [ 1wdF [0, dF

€ (fj;o yILw/dF) (fj;o yIlvw/de>

> dF.s(y',d,w')

o0

o0

o0

- 2 +o(d
(S hywrdF)
oo fj;o yIlvw’dF A A
+€ m+0(6) sy, d' ,wdF(y',a',w')
— 0 oo A1
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The influence curve of ¥ can be derived as following:

d /+Oo S22 yhrsdF
R \I/Pes _\I]P — dF ,7a,7w/ = ,
7 (U(Pes) = ¥ Nz . (y )( [0 dF

- (fj;o yh,w/dF) <f_'~';° y]1,w/SdF>
(/42 1 edr)

[yl dF
[ L wdF

+o00o +oo
=/ dF(y’,a’,w’)/ dF(y,a,w)

—0o0 —0o0

+ s

Il,w’

P(1,w")

Xs(y,a,w) (y_E(Y|17w/>>

+o0

—1—/ dF (y',ad',w")s(y',a',w")E(Y |1, w')
+;ooo +o0

= / dF(y,a,w)s(y,a,w)/ dF(y',ad',w'")
Ia:l,w’:

XP(Tw’SU(y — E(Y[1,w"))

+/ oodF(y’,a’,w’)s(y’,a’,w/) (E(Y|1,w") — E(Y]1))

—00

+oo
— /_ dF(y,a,w)s(y,a,w)ﬁ(y—E(Y|1,w))

_|_/ OodF(y,a,w)s(y,a,w) (E(Y|1,w) = E(Y|1))

Therefore, the influence curve of W(P) is

(A=1)

Ic(0) = P(A=1]W)

(Y —E(Y|A=1,W))+ E(Y|A=1,W) — U(P).
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3 A family of CARA designs driven by TMLE em-

phasizing on efficiency and ethics

3.1 Background

Since Food and Drug Administration (FDA) issued the very first draft guidance in 2010,
adaptive designs have garnered growing attention and been considered to be one of the
most promising approaches to make drug development more efficient and less costly. To
address the increasing demand for the application of adaptive designs in clinical trials,
FDA announced a new draft guidance in 2018 to replace the old draft issued in 2010.
According to the draft, adaptive designs are eligible to detect drug efficacy more efficiently
and reduce the number of patients exposed to inferior investigational treatments. The
advantages in statistical efficiency and clinical ethics of adaptive designs make it more
appealing to stakeholders than comparable non-adaptive designs (FDA et al. 2018a).
However, the draft also addressed some limitations and questions such as the risk of
type I error rate inflation and statistical bias in the estimation of treatment effects which
is relatively less well-studied (FDA et al. 2018a). To further utilize the advantages
of adaptive designs and to tackle FDA’s concerns, we proposed a family of covariate-
adjusted response-adaptive (CARA) designs emphasizing on efficiency and ethics. We
also established a theoretical foundation for the family of CARA and employed target
maximum likelihood estimation (TMLE) in data analysis to facilitate its application in

practice.
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Adaptive randomization procedures are classified into four categories: restricted ran-
domization (RR), covariate adaptive randomization (CAR), response adaptive random-
ization (RAR) and CARA (F. Hu and Rosenberger 2006). CAR dynamically shift treat-
ment assignment of a patient based on his or her baseline characteristics, e.g., to ensure
that the imbalance between treatment groups on potentially prognostic covariates is con-
trolled, which has an advantage in increasing the statistical power of a trial. While in the
scheme of RAR, the allocation probability of a newly-enrolled patient is based on the ac-
cumulating history of previously enrolled patients. CARA designs combine both features
of CAR and RAR in a way that skews the allocation probability for a newly-enrolled pa-
tient based on his or her baseline covariates and the full history of the previous patients’
treatment assignments, responses, and baseline covariates to achieve a particular objec-
tive (Bandyopadhyay and Biswas 2001, Rosenberger, Vidyashankar, and Agarwal 2001,
Bandyopadhyay, Biswas, and Bhattacharya 2007, F. Hu, Y. Hu, et al. 2015). However,
unlike CAR and RCT which have been extensively studied in theory and real applica-
tions, the research in CARA is still in its infancy, and the application of CARA is limited
due to its technical difficulties. Here, we briefly mention some CARA related papers in
the literature. Zhang et al. 2007 and Zhu 2015 have studied the asymptotic properties
of CARA. Some Bayesian approaches in CARA have been implemented by Inoue, Thall,
and Berry 2002, Berry et al. 2004, Berry 2012, Atkinson and Biswas 2005, Schmidli,
Bretz, and Racine-Poon 2007, Thall and Wathen 2007, Brannath et al. 2009, Huang
et al. 2009, Yuan, Huang, and Liu 2011, Zang and Lee 2014, J. Hu, Zhu, and F. Hu 2015,

J. Lin, L. Lin, and Sankoh 2016 and Villar and Rosenberger 2018. However, the above
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papers on CARA have only provided valid statistical inference for CARA under correctly
specified parametric models or showed controlled type 1 error rate in simulations.

TMLE is a novel statistical method first introduced by M. Van der Laan and Daniel
Rubin 2006. It has been well acknowledged as a versatile tool in causal inference, ob-
servational study, etc. TMLE is semiparametric based and avoids assuming possibly
misspecified parametric models when conducting statistical analysis. It aims to obtain
an unbiased estimator for a target parameter of interest instead of the whole distribu-
tion and other nuisance parameters. It is worth noting that TMLE is a double-robust
substitution estimator which holds desirable statistical properties and remains computa-
tionally feasible. TMLE has been successfully used in many applications, e.g., Bembom
et al. 2009, Lendle, Fireman, and M. Van der Laan 2013, Schnitzer et al. 2014, Balzer
et al. 2016, Pang et al. 2016, Pirracchio et al. 2018, Akosile et al. 2018, etc. In order to
tackle model misspecification in clinical trials, M. J. Van der Laan 2008 extended TMLE
to the regime of adaptive designs and established a TMLE based framework in which
robust approaches were offered under semiparametric settings. Later on, Chambaz and
M. Van der Laan 2014 and Zheng, Chambaz, and M. Van der Laan 2015 studied some
specific CARA designs using the TMLE based framework. Many other works regarding
clinical trials have been accomplished using TMLE, such as Moore and M. Van der Laan
2009a, Colantuoni and Rosenblum 2015, etc. Although the advantages of CARA have
been studied in the literature listed above, the application of TMLE is hindered by its
theoretical complexities.

In this dissertation, we proposed an innovative family of CARA design which is capa-
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ble of addressing efficiency and ethics simultaneously. The proposed design also offered
flexibility to adjust the balance between trial efficiency and ethical concerns to meet
different research needs. Accordingly, TMLE approach was applied in the estimation of
the target parameter and the corresponding hypothesis testing. We provided rigorous
derivation and proof for its asymptotical properties under the semiparametric setting.
Besides, numerical studies were carried out to compare the proposed CARA design and
other commonly used randomizations and to investigate the issue of type I error rate
inflation. A similar study has been studied by Chambaz and M. Van der Laan 2014.
They incorporated Neyman allocation under CARA framework such that the asymptotic
variance of the TMLE for the target parameter is minimized. In their study, the dynamic
allocation probability was evaluated by applying TMLE for each patient sequentially en-
rolled. Though we shared a similar big picture, our approaches varied from different
angles: 1) Instead of targeting an optimal design, we offered flexibility in a different
manner which can meet different research needs, 2) We used martingale estimating equa-
tion based estimator in evaluating the allocation probability instead of using TMLE. By
doing this, we eased the computational intensity while still ensured theoretical validity.
3) The working model and fluctuation model in TMLE were carefully selected to have

good interpretability.

25



3.2 CARA designs based on semiparametric estimators
Trial settings and Data structure

Consider a clinical trial with K experimental arms and one control arm. Assume that
n patients sequentially enter the trial. Let A; € A = {0,1,..., K}, ¢ = 1,...,n denote
the treatment assignment of the ith patient. Let Y; be the one-dimensional primary
endpoint of the ith patient, where it can be either binary Y; € {0,1} or continuous

Y; € R. For the ith patient, W, = (W, 4,..., W,

inw) € W represents the ith patient’s
baseline characteristics, where Wis the domain of W. Assume we are interested in a
biomarker/subgroup indicator V; that is a function of the baseline characteristics de-
noted as V; = fy(W;) € V = {v,...,v,}. The choice of V' might be from previous
translational research and represent a comprehensive understanding about the impact
of baseline characteristics on the treatment effects. The definition of V' will solve this
problem by collapsing the categories from W € W. Let X = (Y(a),a € A, W) ~ B
be the full data structure, where Y'(a) denotes the realization of ¥ under A = a and F
represents the true data-generating probability distribution. According to the notation
of counterfactuals (M. Van der Laan and Rose 2011), the full data structure X contains
all possible realizations of Y under different treatments a € A. The observed data for
the ith patient is a censored version of X; denoted as O; = (Y;(4;), A;, W;). Except for
the response from the treatment arm A; which the patient is assigned to, all the other

realizations of Y; in X; are not observable.

We use G;(-) to denote the censoring mechanism of the ith patient. For CARA de-
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signs, G;(+) is the conditional probability of treatment assignment A; given (X, ..., X;).
Based on the coarsening at random assumption that the censoring mechanism only
depends on the observed data (Heitjan and Donald Rubin 1991), we assume that G;
is conditioned on the historical observed data O;_; = (O,...,0;_1) and the base-
line characteristics W through the subgroup indicator V;. Mathematically, G;(a,v) =
Pr(A; = a|V; = fy(W,;) = v,0;_1). For convenience, we use short notation G; for
the conditional probability and omit the O;_; in this dissertation. The likelihood of
the ith observed data O; is factorized as FPy(O;) = Qo(Yi, Ai;, W;)G(A;,V;), where
Qo(Y;, Ai, W) = Py(Y;|A;, W) Py(W ;) is a parameter of the full data distribution P,.
We use notation QQoG; in subscript to denote the data generating mechanism for the ith
observed data. We also denote N, ,(n)/n as the proportion of n patients that has been

assigned to treatment a in subgroup v.

A family of CARA designs

Clinical trials may have a variety of design objectives such as assigning more patients to
the superior treatment group with higher efficiency of detecting the treatment effects. In
addition, patients with different baseline characteristics may respond to the treatments
differently. We propose a family of CARA designs to take into account both efficiency and
ethics simultaneously, acknowledge the heterogeneity of patients, and avoid unnecessary
model assumptions by using semiparametric estimators.

We first define our design parameter vector 8y = {65",a € A,v € V}, where ;" =
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(0077, 04%) for all pairs of (a,v), such that
05) = Ep(Y|A=a,V =v), 055 = Ep,(Y?|[A=a,V = ). (1)

These parameters are the conditional first moment and second moment of Y. We define
an extra parameter oy’ = 607 — (6y7)* that is the conditional variance of Y given
(A,V) = (a,v) under the true probability distribution P. Note that when Y is binary,
0y, are redundant and og™ = 057 (1 — 057).

Next, we discuss how to obtain an appropriate semiparameter estimator én = {é:v, a €
A,v € V} based on the accumulated data O,,, where 8" = (8%, 6%) and the subscript n
refers to the sample size. For an arbitrary parameter § € O, we first define two estimating

functions M{"*(0)(0O;) and M3"*(0)(0O;) for all pairs of (a,v) as follow:

Ii(a,v) (Y; — 0)
Gi(a,v)(0;1) '

Ii(a,v) (Y2 —0)

(]

G ) (05 1) 2)

M™(0)(0y) = My (0)(0:) =

where Ij(a,v) is the shorthand notation of I(A; = a,V; = v). We can re-define 057
and 05 as the true parameters of the martingale estimating functions (2) such that
Eqoa, [M{™(057)(0:)] = 0 and Eg,q, [M5"(053)(0;)] = 0 for all (a,v). The estimators

6,, are the solutions of Yoy [M{“’(@Z}))(OZ)} =0, | = 1,2, with the closed form

n Ii(a,v n I;(a,v
éa7v o Z’Lzl Gl((a,v))Y; éa7v o Z’L:l G,-((a,v)) }/;2
n,1 n  ILi(aw) n2 n  Ii(aw) (3)
D i1 Trlad) 2im1 Gyfan)

The calculated weight can potentially improve the efficiency and reduce the bias of un-
weighted estimators. Moreover, by incorporating the weight rather than simply cal-
culating the first and second moments of Y, the martingale estimating equations (see
in appendix) defined by the estimating functions M7’ (0)(0;) and M3"“(0)(O;) become
independent of the CARA allocation probability G;.
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The specific design setup is inspired by J. Hu, Zhu, and F. Hu 2015, however, our work
is extended to nonparametric setting. We define d(a, v, 8y) and e(a,v,0),a € Ajv €'V,
as finite one-dimensional quantities of efficiency and ethics measurements of treatment
a in subgroup v, respectively, where d(-,-,-) and e(:,-, ) are certain given functions.
For example, we can use the reciprocal of the failure rate as an ethics measurement
and the variance of response as an efficiency measurement. The choice of the efficiency
and ethics measurements are determined by different design objectives, and will lead to
different target allocation proportions. Here, we allow these measurements to vary with
the subgroups V', which is consistent with the idea of precision medicine. We propose a
family of CARA designs that assign the ith subject in subgroup V; = v to treatment a

with probability

e(a,v, 9i_1)71d(a, v, 91-_1)”’2

Gi(a7v) - PT(AZ = CL|‘/; = Uaéi—l) - ~ ~ )
Y open €k, v, 0,1 )d(k,v,0;_1)

(4)

where (71,72) € [0,+00)? are two tuning parameters determining the balance between
ethics and efficiency. The ratio form makes the allocation function a legitimate probabil-
ity and guarantees the scale invariant property of the efficiency and ethics measurements.
This family of CARA designs has very few restrictions about the efficiency and ethics

component, so that it can satisfy diverse practical needs in clinical trials.

Asymptotic results of the CARA designs

We introduce the following conditions for the asymptotic results:
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Condition 1 sup FEy(Y?|A=4a,V =v) < .

a€AveV

Condition 2 G} is bounded in [g, gu|, where 0 < g, < gy < 1.

Condition 3 For any fized pair (a,v) € A XV, d(a,v,0) and e(a,v, @) are both contin-

uous in terms of 6.

The first condition ensures that the expectation and the variance of Y is defined con-
ditioned on all possible A,V pairs under F,. The second condition indicates that the
CARA designs should avoid assigning zero probability or probability of one to any treat-
ments when allocating patients. The third condition requires the ethics and efficiency

measurements to be continuous in 6.

Theorem 1 Under Conditions (1), (2) and (3)
0, =50y, Gn(a,v) =5 Go(a,v), Nao(n)/n =3 po(v)Gola,v) (5)

for all (a,v) as n — oo, where po(v) = Po(V = v) is the marginal probability of V = v,
and

e(a,v,80)"d(a,v,0)"
= Pr(A = =v) = '
GO(av U) 7’( CL|V U) ZkEA 6(kj7v790)71d(k},’0,00)72

(See Appendixz Page 117 for proof.)

Theorem 1 shows the consistency of 8, G,, and Ngp(n)/n. To study the asymptotic
normality of the semiparameter estimator and the allocation proportions of the CARA

design, we introduce the following conditions.
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Condition 4 sup Ey(YiA=a,V =v) < cc.
a€AveV

Condition 5 For any fized pair (a,v) € A x V, d(a,v,0) and e(a,v, @) are both differ-

entiable in terms of 6.

Theorem 2 Under Conditions (1), (2), (3), (4) and (5)
Vi(6, —80) =+ N(0,BFA), (6)
V1 (Naw(n)/n — po(v)Gola,v)) LN (O,po(v)Go(a, v) — po(v)?Gola, U)Q) , (1)

where B = diag{2¢", (a,v) € A x V} is a diagonal block matriz. Each element

CARA
EO

matrix of s in the form of

g 1 0o — (051)* 005 — (661)052
0 T TISAT ;
pg(’U)Go(CL,U) a,v a,v\ na,v a,v a,v
O3 — (057)00> oz — (90:2)2
where 0y's and 0y’ are defined as the 3rd and 4th conditional moment of Y given (A, V') =

(a,v) under Py. (See Appendiz Page 120 for proof.)

3.3 Analysis of clinical trials with CARA designs based on
semiparametric approaches

As introduced in the introduction, traditional analysis methods in CARA designs either
have difficulties in addressing the issue of dependent observations or have to assume a
possibly misspecified model. In this paper, we propose to use innovative semiparametric

approaches such as TMLE to perform data analysis in clinical trials with CARA designs.
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Target parameters of the designs

In the proposed CARA designs, the target parameter in TMLE can be defined as a
(K + 1)-dimensional parameter ¥, = V(P) = (¥o0,%01,---,%0xk), where U is the

target mapping ¥ : M — RF! and

Po; =FEp,(Y|A=7),7=0,1,... K. (8)

At the end of the trial, we perform the following hypothesis test

Hy: Cyy, = 0 versus Hy : Cpy # 0, (9)

where C'is a K x (K + 1) contrast matrix representing the additive treatment differences

between K experimental arms and the control arm:

OKX(K-H) =

-1 1

Other target parameters such as relative risk and odds ratio in the scenarios of binary
outcome can be easily transformed by taking logarithm of the target parameter.

As a two-step approach, TMLE obtains an initial estimator through some parametric
models or semi-parametric approaches such as machin learning in the first step. In the
second step, an update is applied to achieve asymptotic unbiasness through a valid loss
function and a parametric fluctuation working model (M. Van der Laan and Daniel Rubin
2006).
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In next subsections, we offer technique details about how to perform TMLE in clinical
trials with CARA designs. At the end, we provided asymptotic results for statistical

inferences of the target parameters.

An initial estimator of (),

Suppose the response Y is re-scaled in [0, 1] and it can be either binary or continuous
bounded in [0,1]. Note that the re-scale can be implemented either through a linear

transformation or any other continuous mapping. For instance, for any set of observa-

Y_Ymin

7.3~ can be implemented. Also, for YV € R,

tions, a linear transformation Y’ =
Y’ = logitY is bounded in [0, 1]. The re-scaling is practical because all real life mea-
surement are always truncated to have a lowest and a highest reading. This is a linear
transformation that has no impact on our inferences and conclusions. All results can be
transformed back to the original scale.

Let Qoyjaw(FP) = Fo(Y|A, W) be the conditional distribution of ¥ and Qow =
Qw (Py) = Py(W) be the marginal distribution of W. Define Qo(A, W) = Ep, (Y|A, W)
as the conditional expectation of Y given (A, W). Our target parameter W(Fp) only de-
pends on the true data generating distribution Py through Qq(A4, W) = (Qo(A, W), Qow (W)
and it can be written as 1y = VU(F) = ¥(Qp) (rigorously we should use ¥(P)) =
U (Qo(Fp)), but for convenience we use this notation as in M. Van der Laan and Rose

2011). For an arbitrary estimator @, of (), the substitution estimator of the target

parameter is lﬂn = VU(Q,). To make an initial estimate of Qo(A, W), we introduce a
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parametric model Q°(0.,, 3, )(A, W) as follows:

oA 1

0 0717 n A7 W = ~ ~ 9 10
Qn(0n, 8,)(A, W) T+ (0 — D exp(-WB,) (10)

1 n
g,W(W) = n ZI(W =W,), (11)

i=1

for all (A, V) € A x V, where V = f,(W), and

B, = arg;naxiz:; %j:‘?)} log [expit (11)]"* [1 — expit ()], (12)

where expit(z) = exp(x)/(1 + exp(z)), u; = logit 921‘/ +W,3.

Remark 1 Bn is the resulting coefficient of the baseline covariates in the logistic model
of logit Y; = logit 05" + W8 with weight w,(0;) = G*(A;,Vi)/Gi(Ai, V). The offset
term in the logistic model is the group-wise information that can be brought from 0,.
The second term adds more information about the within group heterogeneity from the

baseline charateristics. Bn is a consistent estimator of the true parameter B, such that

Bn L By, where B is defined as

By = arg;nax Egc, log [expit (puo(W, ﬁ))]y [1 — expit (,uo(W,,B))]l_Y ,

where py(W, 3) = logit «93’1‘/ + W B. The logistic model on continuous outcomes in [0, 1]
was originally used by Wedderburn 1974 and McCullagh et al. 1983. It has also been
adopted and widely used in the field of TMLE (M. Van der Laan and Rose 2011, M. Van
der Laan and Rose 2018, Gruber and M. Van der Laan 2010). Note that this paramet-
ric model is in general misspecified and is biased in terms of the target parameter 1.
Therefore, in the second step, an update is needed to eliminate the unbiasness introduced

in the first step.
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Update the initial estimate with the parametric fluctuation working model

To update the initial fit and find an asymptotic unbiased estimator of 1, we introduce
a parametric fluctuation model. The procedure is described below.

Let Qn@;(én, : s €)(A, W) be a sub-model of Q%(@n, Bn)(A, W) indexed by G, with
a fluctuating parameter € = (e, €1, ..., ex) € RF T satisfying Q,, ¢ (0,,,8,,0)(A,W) =
Q%(8,)(A, W) and

_n x é’rm ¢ ) A7W )
Qn.c n €)( ) = logit A & + H(G})(Ai, Wi)e,

logit - — -
11— Qn,G; (0n7 Bna E)(A, W) 1— Qg(gna /Bn)(A7 W)
(13)
where H (G)(A, W) = (Ho(G3)(A, W), ..., Hi(G) (A, W), Hy(G) (A W) = oL Ry

The optimal value of the fluctuating parameter € is determined by

- argmaXZ GA—‘/; lOg <[Qﬂ(éﬂ73n7 E)(Ai7 Wl)]YZ[l - Qn(én7Bn7 6)(142'7 Wz)]liyqb) .

Alternatively, it is equivalent to fit the logistic regression logit Y; = logit Q°(0,,, 8,,)(A;, W)+

H(G})(A;, W;)e with weight w,,(0;) = G (A;, Vi)/Gi(A;, V;). Then € is the fitted coef-

ficient of H(G7). Also, the marginal distribution of W is updated to Q,w.a,.,(W;) =

w;/ > 7 w;, where the subscript G,41 = (G, ..., Gn41) is the vector of all allocation func-

tions. We adopt the notation Q) = (Q5(A, W), Q% (W), Q1 (A, W) = chz(én, €)(A, W),
ww = Qnw.a,.. (W;) to denote the updated estimator of Q. Hence, the updated es-

timator is Q5 (A, W) = (Q5(A, W), Q5w (W),

@aw) - - ! . (14)
QB0 B (A W) — Dexp(— S b0 By () (A W)

B
%szzlw > unO)I(W = W) (15)
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The logic of this procedure is described below.
Let IC denote the influence curve of W. The influence curve is defined as the gradient
of the pathwise derivative of the statistical functional V. In this dissertation, the influence

curve of our target parameter is (K + 1)-dimensional. The jth element of the IC at

P=QGand O = (Y,A,W) is
IC;(Q, G)(0) = Hj(G)(A, W) (Y = Q(A,W)) + Q(j, W) —¢;,j =0,1,..., K, (16)

where 1), is defined under under @). The influence curve can be decomposed into

1, yiamy — % (Y —QAW)), ICw=QG. W)= (17)

The two components are orthogonal and are the projections of the influence curve onto the
tangent space of Y|A, W and W respectively. The inner product of the two components
in the Hilbert space L?(QG) is zero (M. Van der Laan and Rose 2011). The influence
curve has the property that Egq IC(Q, G)(O) = 0. However, when the () and G where
the IC is evaluated are not coincident with the () and G endorsed by the expectation,
the zero expectation is not guaranteed.

In the CARA design, it has been acknowledged that under conditions (1), (2) and

(3), ¥(Q,) is an asymptotic unbiased estimator of ¥, if

E;IC(QnaGn)(Oi)m =0 (18)

(M. J. Van der Laan 2008). TMLE is used to update the initial estimator to achieve
(18). First, we define a quasi-log-likelihood loss function L(Q)(O) = —Y log(Q(A,V) —
(1 -Y)log(l —Q(A,V) —log Qw(W)). This loss function is valid not only for binary
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outcome Y but also for continuous outcome Y € [0,1] (Gruber and M. Van der Laan

2010). Second, we define a fluctuating model parametric model Qg(€), € = (€1, €s),

indexed by G as

logit Q(e1)(A, W) = logit Q(A, W) + e, H(G)(A, W), (19)

log Qw (€2)(W) = log Qw (W) +log(1+ Y e;(QU W) —1;)).  (20)

j=0

.

In general, one can also adopt other valid loss functions and any parametric fluctuating
models satisfying dQ¢(€) = (1+€lC(Q, G)+o(€))dQ), e.g., the squared error loss function
LQ) = (Y —Q(A,W))? and Qg(e) = Q + €IC(Q, G)Q(1 — Q). However, it is believed
to be less robust since they may result in a linear regression model which breaks the
global constraints (M. Van der Laan and Daniel Rubin 2006). In addition, the logit
based sub-model of @ is widely used in TMLE because of its good properties such as

one-step update. We have the following theorem.

Theorem 3 With the loss function and the parametric model defined, we define the true
€y of our CARA design as €y = argmin Eg,c, L(Qc, (00, By, €)), where Gy is the target
allocation probability and depends on @y. Then, the target mapping ¥ maps Qo and

Qc, (00, By, €0) to the same value: V(Qg, (00, By, €0)) = V(Qo) = 1ho. (See Appendix

Page 121 for proof.)

In the CARA design, all observations are not independent and are not sampled from
QoG which is endorsed under the expectation in the definition of €;. To estimate €y, we
denote L3 (Q)(0;) = L(Q)(0;)w,(0;) as a weighted quasi-likelihood loss function for the
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ith patient, where w,(0;) = G,(A;,V;)/Gi(A;, V;). Then we define an estimator €, as

—argmmen O;)L* Qn0*<é 8., €)(0;). (21)

In general, the second step of TMLE involves an iterative update procedure such that

e* ) — arg mlnz wa(01) L* QW% (€))(0y), (22)

=1

where fo)cg = Qflka;l )(énk)) The iterative process stops when € ~ 0. M. Van der Laan

and Gruber 2016 have showed that the logit based submodel is also a universal least
favorable submodel in which the iterative process stops at one step in i.i.d. setting. It
is easy to verify that in the CARA design, TMLE is achieved in one step. Specifically,
the MLE of €; can be solved in one step through a weighted logistic regression. In i.i.d.
setting, the MLE of €5 is zero, which indicates no update is needed for the empirical
distribution of W. However, there is no solution in general for the MLE of €5 in the
CARA design. The updated (15) along with (14) solve the estimating equation (18). One
can also use the empirical distribution 1/n because of the fact that Q% (W) == 1/n

as n — 0o. The following theorem gives the asymptotic property of this estimator.

Condition 6 Eo(W?) < oo forallj € {1,...,nw}.

Theorem 4 Under condition (1), (2), (5) and (6), we have

A

(By: €n) = (B, €0)- (23)

A

The updated estimator Qn,GZ(Hn,Bn,é) solves the estimating equation (18). (See Ap-

pendiz Page 122 for proof.)
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Statistical inference

From previous section, we obtained the updated estimator @, = (Q5 (A, W), Q% v (W)).

The TMLE of 1, is calculated as

TMLE ZQnW Qx(j,W,), je{0,1,...,K}.

~ TMLE ..
The asymptotic property of 1, can be studied through (0,,83,,,€) by Theorem 8
(M. J. Van der Laan 2008). In this dissertation, our main focus is the behavior and

) ~ TMLE . .
asymptotic property of 1, . Moreover, we have multiple treatment arms, which
. . A TMLE .

causes extra complexities. Thus, we construct the normality of 1, directly through
the martingale estimating equation (18). The following theorem establishes the asymp-

~ TMLE
totic normality of z/)

Theorem 5

TMLE

Vi (@, = ) 2 NO,SEEE) as s oo, (24)

where SIMEE s g (K + 1) x (K + 1) covariance matriz with

O'gMLE( k) EQ(JG() (IC (QGo(GOa /607 €0) GO) ICk(QGO(OO’ 607 60) GO)) :
ol MLE(5 k) can be consistently estimated by

OME(M)Z%Z(%) (1G5 (@, G)(0:) ICK(Q, G2)(O,)

The hypothesis [9] can be tested using the statistic

~TMLE 1 ~TMLE ~TMLE

= (O, "y Cos M ey e, ),

n
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The null hypothesis is rejected at level a if T > y%(1 — a). (See Appendix Page 125 for
proof.)

In this section, we showed the advancement of TMLE in dealing with non-i.i.d data
in the proposed CARA designs. Without additional model assumption, TMLE approach
holds the consistence property and asymptotic property through theorem 3 and 4 theorem
4. In addition, the double robust nature of TMLE ensures its asymptotic efficiency in the
light of semiparametric statistical model efficiency theory (M. Van der Laan and Rose

2011).

3.4 Numerical studies

Having obtained the asymptotic properties of the proposed family of CARA designs, in
this section we numerically evaluated its finite-sample performance regarding the Type
I error rate, power, unbiasness, and ethics properties. We considered four scenarios:
(1) two treatment arms with binary endpoints; (2) three treatment arms with binary
endpoints; (3) two treatment arms with continuous endpoints; (4) three treatment arms
with continuous endpoints. We also studied four different CARA designs representing

different ethics measurements:

CARA;: e(a, v, 92-,1) = éffjl,l, d(a,v \/91 12— efivl,l)Q

CARA,: e(a,v, 92 1) = (1_9;“)1 1) ' d(a,v, 91 1) \/9@ 1,2 9?’1)1,1)2

CARA3: e(a,v,0;_,) = é?iv1,1 * (1 — éfj’m) L d(a,v,0;_) \/91 i 0;1;”171)2
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CARAy: e(a, v, éifl) = q)<é?lv1,1_$ 2221 éfj}m)a d(a,v, éiﬂ) = \/é?ivl,z - (é?iv1,1>27

where n 4 denotes the number of treatment arms, and ®(-) denotes the CDF of a standard
normal distribution. All the four ethics measurements return larger value for the superior
treatment arm in terms of additive treatment effect. The efficiency measurement was
chosen based on the idea of Neyman allocation. The tuning parameters 7, and ~» can be
assigned to different values to further examine the validity and demonstrate the flexibility.
In the Tables, we used CARAL(71,72) to represent the above kth CARA design with
tuning parameters y; and 7,.

We compared four design and analysis combinations: 1) the proposed CARA de-
sign with TMLE; 2) the proposed CARA design with t-test (chi-square test for three-
treatment scenario); 3) complete randomization (CR) with TMLE; 4) complete random-
ization with t-test (chi-square test for three treatment). In the simulation, the first 20%
of patients were assigned to the treatments with the stratified permuted block (SPB)
randomization and the rest patients were allocated using TMLE. In all the scenarios, we
pre-specified the significance level at a = 0.05, and all the results were based on 10, 000

replications.

Scenario 1: two treatments with binary endpoints

Consider a clinical trial with two treatments with binary endpoints. Suppose we have a
covariate vector W = (W, W5, W3) and a binary subgroup indicator V(W) = I(W; +

Wy + W3 > 1.6), where Wy, Wy, W3 independently follow uniform distribution in [0, 1]
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and I(+) is the indicator function. Assume the success rate of the binary endpoint Y is:

3
p=">o (50 + BaA+ ByV + BavAV + ) B * Wp> ,
p=1
where (0o, Ba, Bv, Bav, Bw1, Bwa, Bw,s) are unknown parameters. Note that the true
model of YV is a generalized linear model with a probit link function. In Tables 1.1, 1.2a
and 1.2b, we fix (5o, Bv, Bw.1, Bwa, Bw,s) = (—0.5,—0.1,0.22, —0.17, —0.1) while adjusting
the values of (54, fay) to study the Type I error rate, power, and other properties of our
design.

In Table 1.1, we reported the Type I error rate with (54, Sav) = (0,0). When CR
is used, the Type I error rate is close to 0.05 for both TMLE and t-test. For all types
of CARA designs, the Type I error rate is well-controlled for both TMLE and t-test. In
Tables 1.2a and Table 1.2b, power, allocation proportions (p1, p2), bias in estimation of
additive treatment effect (ATE) and overall response rate (ORR) are reported. Three
different types of data generating distributions were considered: (1) only additive treat-
ment effect exists with (84, Bav) = (0.32,0); (2) only interaction treatment effect exists
with (54, Sav) = (0,0.75); (3) both interaction treatment effect and additive treatment
effect exist with (84, Bav) = (0.18,0.30). Under CR, TMLE gives higher power than
t-test does. Under CARA, when t-test returns higher power than TMLE, we can see
that it may be due to the bias in estimation of ATE. Note that TMLE always returns
unbiased estimates of ATE. In addition, CARA is able to assign more patients to the

superior treatment group than CR.
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Table 1.1: Type I error rate (in %) under CR and different CARA designs

in clinical trials with two treatment arms and binary endpoints.

Allocation N  Typelerror (%) | N  Type I error (%)

TMLE  t-test TMLE  t-test

CR 400 4.93 462 | 600 549 525
CARA.(0,1) | 400 546 515 |600 539  5.12
CARA.(1,0) | 400 543 537 |600 546 523
CARA(1,1) | 400 541 550 |600 548 571
CARA,(0,1) | 400 546 515 |600 539  5.12
CARA(1,0) | 400 544 513 |600 551 522
CARA,(1,1) | 400 543 532 |600 554  5.39
CARA3(0,1) | 400 546 515 |600 539  5.12
CARA3(1,0) | 400 539 542 |600 530 541
CARA3(1,1) | 400 532 559 |600 533  5.60
CARA40,1) | 400 546 515 |600 539  5.12

CARA4(1,0) | 400  5.27 4.94 600  5.46 5.10

CARA4(1,1) | 400  5.48 5.28 600  5.46 5.19
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Table 1.2a: Power (in %), proportion of treatment (in %), bias in estimation
of additive treatment effect (ATE) and overall response rate (ORR) (in %)
under CR and different CARA procedures in trial with two treatment arms

and binary endpoint at sample size N = 400.

Allocation (Ba,Bav) Power (%) ATE Bias Trt Prop (%) ORR (%)
(N=400) TMLE t-test TMLE Mean

CR (0.4, 0) 88.1 87.2 <0.001 <0.001 50.0, 50.0 0.360
CARA;(0,1)  (0.4,0)  87.3 87.0 <0.001 <0.001  48.2, 51.8 0.363
CARA((1,0)  (04,0) 869  87.0 <0.001 <0.001 42.0,580  0.372
CARA,(1,1)  (04,0) 864 87.0 <0.001 0002  404,59.6  0.374
CARA5(0,1) (0.4, 0) 87.3 87.0 <0.001 <0.001 48.2, 51.8 0.363
CARA5(1,0) (0.4, 0) 87.2 86.9 <0.001 <0.001 45.4, 54.6 0.367
CARA»(1,1)  (0.4,0)  87.0 871 <0.001 0001  43.7, 56.3 0.370
CARA3(0,1)  (0.4,0)  87.3  87.0 <0.001 <0.001  48.2, 51.8 0.363
CARA3(1,0) (0.4, 0) 85.7 87.1 <0.001  0.002 38.2, 61.8 0.378
CARA3;(1,1)  (0.4,0) 852 871 <0.001 0003  37.0,63.0 0.379
CARA40,1)  (0.4,0)  87.3 87.0 <0.001 <0.001  48.2, 51.8 0.363
CARA4(10)  (0.4,0) 874 869 <0.001 <0.001  47.7,52.3 0.363
CARAy(11)  (0.4,0)  87.6  87.2 <0.001 <0.001  45.9, 54.1 0.366
CR (0, 0.9) 87.5 86.0 <0.001 <0.001 50.0, 50.0 0.359
CARA;1(0,1) (0, 0.9) 87.0 87.0 <0.001 0.003 49.1, 50.9 0.362

Continued on next page
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Table 1.2a — Continued from previous page

Allocation (B4, Bav) Power (%) ATE Bias Trt Prop (%) ORR (%)
(N=400) TMLE t-test TMLE Mean

CARA(1,0)  (0,09) 852 924 <0.001 0018  43.6, 56.4 0.381
CARA(1,1)  (0,09) 845 932 <0001 0019  43.1,56.9 0.383
CARA5(0,1) (0, 0.9) 87.0 87.0 <0.001  0.003 49.1, 50.9 0.362
CARA5(1,0)  (0,09) 860 907 <0.001 0013  45.0, 55.0 0.376
CARA(1,1)  (0,09)  85.6 916 <0.001 0015  44.2, 55.8 0.379
CARA3(0,1) (0, 0.9) 87.0 87.0 <0.001  0.003 49.1, 50.9 0.362
CARA3(1,0) (0, 0.9) 82.3 94.6 <0.001 0.023 40.9, 59.1 0.390
CARAs(1,1)  (0,09) 821 949 <0.001 0024  41.1,58.9 0.390
CARA4(0,1) (0, 0.9) 87.0 87.0 <0.001  0.003 49.1, 50.9 0.362
CARA4(1,0) (0, 0.9) 86.7 88.3 <0.001  0.006 47.8, 52.2 0.366
CARA4(1,1) (0, 0.9) 86.4 89.6 <0.001  0.008 46.9, 53.1 0.369
CR (0.25, 0.35) 87.8 87.3 <0.001 <0.001 50.0, 50.0 0.360
CARA1(0,1) (0.25, 0.35) 87.1 86.8 <0.001 <0.001 48.3, b1.7 0.363
CARA1(1,0) (0.25, 0.35) 86.0 87.1 <0.001  0.002 42.2, 57.8 0.373
CARA((1,1) (0.25,0.35) 855 87.0 <0.001 0.003  40.8, 59.2 0.376
CARA2(0,1) (0.25, 0.35) 87.1 86.8 <0.001 <0.001 48.3, 51.7 0.363
CARA2(1,0) (0.25, 0.35) 86.8 86.9 <0.001  0.001 45.4, 54.6 0.368
CARAs(1,1) (0.25, 0.35) 86.6 87.1 <0.001  0.001 43.8, 56.2 0.371
CARA5(0,1) (0.25,0.35) 87.1 868 <0.001 <0.001  48.3, 51.7 0.363

Continued on next page
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Table 1.2a — Continued from previous page

Allocation (B4, Bav) Power (%) ATE Bias Trt Prop (%) ORR (%)
(N=400) TMLE t-test TMLE Mean

CARA5(1,0) (0.25,0.35) 844 869 <0.001 0013  38.6, 61.4 0.380
CARA5(1,1) (0.25, 0.35) 83.8 86.8 <0.001 0.013 37.6, 62.4 0.381
CARA4(0,1) (0.25,0.35) 87.1 868 <0.001 <0.001  48.3, 51.7 0.363
CARAL(1,0) (0.25,0.35) 87.1 868 <0.001 <0.001  47.7, 52.3 0.364
CARA4(1,1) (0.25, 0.35) 83.2 83.3 <0.001  0.001 46.0, 54.0 0.367

Table 1.2b: Power (in %), proportion of treatment (in %), bias in estimation
of additive treatment effect (ATE) and overall response rate (ORR) (in %)
under CR and different CARA procedures in trial with two treatment arms

and binary endpoint at sample size N = 600.

Allocation (Ba,Bav) Power (%) ATE Bias Trt Prop (%) ORR (%)
(N=600) TMLE t-test TMLE Mean

CR (0.32, 0) 85.5 84.8 <0.001 <0.001 50.0, 50.0 0.344
CARA(0,1)  (0.32,0) 857 854 0.001 0001  484,51.6  0.346
CARA:(1,0) (0.32, 0) 85.1 85.3 0.001 0.001 43.3, 56.7 0.352
CARA\(1,1)  (0.32,0) 845 852 0.001 0001 418,582  0.354
CARA5(0,1) (0.32, 0) 85.7 85.4 0.001 0.001 48.4, 51.6 0.346
CARA5(1,0) (0.32, 0) 85.5 85.6 0.001 0.001 46.4, 53.6 0.349

Continued on next page
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Table 1.2b — Continued from previous page

Allocation (B4, Bav) Power (%) ATE Bias Trt Prop (%) ORR (%)
(N=600) TMLE t-test TMLE Mean

CARA5(1,1) (0.32, 0) 85.7 85.7 0.001 0.001 44.8, 55.2 0.350
CARA5(0,1)  (0.32,0) 857 854 0001 0001  48.4, 51.6 0.346
CARA3(1,0) (0.32, 0) 84.5 85.1 0.001 0.002 40.1, 59.9 0.356
CARAs(1,1)  (0.32,0) 839 852 0001 0002  38.8, 61.2 0.357
CARA40,1)  (0.32,0) 857 854 0001 0001 484,516 0.346
CARA4(1,0) (0.32, 0) 85.8 85.6 0.001 0.001 48.1, 51.9 0.347
CARA4(1,1) (0.32, 0) 85.7 85.7 0.001 0.001 46.5, 53.5 0.348
CR (0, 0.75) 87.9 87.4 0.001 0.001 50.0, 50.0 0.346
CARA1(0,1) (0, 0.75) 88.6 89.2 0.001 0.003 48.9, 51.1 0.349
CARA,(1,0) (0,075)  87.7 931 0001 0013  44.1,55.9 0.363
CARA,(1,1)  (0,075) 868  93.6 0001 0014  43.4, 56.7 0.365
CARA5(0,1) (0, 0.75) 88.6 89.2 0.001 0.003 48.9, 51.1 0.349
CARA5(1,0) (0, 0.75) 88.3 91.3 0.001 0.009 46.0, 54.0 0.357
CARA5(1,1) (0, 0.75) 88.1 92.3 0.001 0.011 45.0, 55.0 0.360
CARA3(0,1)  (0,0.75) 886  89.2 0001 0003 489,511 0.349
CARA3(1,0) (0, 0.75) 84.9 94.8 0.001 0.017 41.5, 58.6 0.370
CARA3(1,1) (0, 0.75) 84.3 95.3 0.001 0.018 41.1, 58.9 0.371
CARA4(0,1) (0, 0.75) 88.6 89.2 0.001 0.003 48.9, 51.1 0.349
CARA4(1,0) (0, 0.75) 88.6 89.9 0.001 0.005 48.1, 51.9 0.351

Continued on next page
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Table 1.2b — Continued from previous page

Allocation (B4, Bav) Power (%) ATE Bias Trt Prop (%) ORR (%)
(N=600) TMLE t-test TMLE Mean

CARA4(1,1) (0, 0.75) 88.5 90.8 0.001 0.007 47.1, 52.9 0.354
CR (0.18, 0.30) 83.2 82.7 <0.001 <0.001 50.0, 50.0 0.342
CARAL(0,1) (0.18,0.30) 831 829 <0.001 <0.001 484,516 0.344
CARA;:(1,0) (0.18, 0.30) 82.5 83.2 <0.001  0.002 43.6, 56.4 0.351
CARA;(11) (0.18,0.30) 818  83.3 <0.001 0.002  42.2, 57.8 0.353
CARA»(0,1) (0.18, 0.30) 83.1 82.9 <0.001 <0.001 48.4, 51.6 0.344
CARA»(1,0) (0.18, 0.30) 83.1 83.0 <0.001  0.001 46.6, 53.4 0.347
CARAy(1,1) (0.18,0.30) 83.0  83.2 <0.001 0011  45.0, 55.0 0.349
CARA5(0,1) (0.18,0.30) 831 829 <0.001 <0.001  48.4, 51.6 0.344
CARA5(1,0) (0.18,0.30) 814  83.3 <0.001 0.002  40.7, 59.3 0.355
CARA3(1,1) (0.18, 0.30) 80.4 83.1 <0.001 0.002 39.6, 60.4 0.356
CARAL0,1) (0.18,0.30) 831 829 <0.00l <0.001 484,516 0.344
CARA4(1,0) (0.18, 0.30) 83.4 89.9 0.001 0.001 48.2, 51.8 0.345
CARA4(1,1) (0.18, 0.30) 83.2 83.3 0.001 0.001 46.7, 53.3 0.347

Scenario 2: three treatments with binary endpoint

Consider a clinical trial with three treatments with binary endpoints. Suppose that
the covariate vector W = (W3, W5, W3) and the binary subgroup indicator V(W) are
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generated in the same manner as in Scenario 1. Assume the success rate of the binary
endpoint Y is
3
p=>a (5,41[(14 =1)+ fal(A=2)+ By V + Bav AV + Z Bw,p * Wp) ;

p=1
where (Ba1, Bag, Bv, Bav, Bwi, Pwa, Bws) are unknown parameters. In Tables 2.1, 2.2a
and 2.2b, we fix the parameter values of (Bv, Sw.1, Bw.2, Bws) = (0.2,0.22,—0.17, —0.1)
while adjusting the values of (541, Ba2, Bay) to study the Type I error rate, power, and
other properties of our design.

In Table 2.1, we reported the Type I error rate with (84, Bav) = (0,0). Both TMLE
and chi-square test lead to well-controlled type I error rate when implementing either
CARA or CR. We also reported the operating characteristics of our design under H;
in Tables 2.2a and Table 2.2b. When CR is implemented, TMLE gives higher power
than chi-square test does. When CARA is implemented, chi-square test renders power
inflation and large bias in ATE estimation, which makes TMLE a more reliable analysis
method than chi-square test. In addition, CARA slightly leads CR when comparing
the power. In terms of treatment allocation proportion, CARA is able to assign more
patients to the superior treatment group and results in a better overall response rate,
especially when the choice of v; and 5 aims to emphasize the ethics properties. Unlike
the power trade-off in scenario 1, the power is at the same level or better than CR even

when the differences in treatment allocation proportion are large, e.g. CARA;3(1,0).
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Table 2.1: Type I error rate (in %) under CR and different CARA procedures

in trial with three treatment arms and binary endpoint.

Allocation N  Typelerror (%) | N  TypelI error (%)

TMLE  chi-sq TMLE  chi-sq

CR 600 580 544 |800 558 521
CARA;(0,1) | 600 578 511 |800 558  5.13
CARA,(1,0) | 600 566 525 |800 566  5.54
CARA,(1,1) | 600 567 532 |800 566  5.41
CARA,(0,1) | 600 578 511 |800 558  5.13
CARA5(1,0) | 600 543 537 |800 576  5.63
CARA,(1,1) | 600 575 557 |800 5.65  5.49
CARA40,1) | 600 578 511 |800 558  5.13
CARA5(1,0) | 600 559 566 |800 541 563
CARA4(1,1) | 600 540 538 |800 545  5.59
CARA40,1) | 600 578 511 |800 558  5.13
CARA,1,0) | 600 578 539 |800 554 521

CARA4(1,1) | 600  5.83 5.34 | 800  5.47 5.01
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Table 2.2a: Power (in %), proportion of treatment (in %), bias in estimation
of additive treatment effect (ATE) and overall response rate (ORR) (in %)
under CR and different CARA procedures in trial with three treatment arms

and binary endpoint at sample size N = 600.

Allocation (Ba, Bav) Power (%) ATE Bias Trt Prop (%)  ORR (%)
(N=600) TMLE  t-test TMLE Mean

CR (0.25,0.20) 86.4 84.6  (<0.001, <0.001)  (0.001, 0.001)  33.3, 33.3, 33.3 0.585
CARA,(0,1) (0.25020) 864 823 (<0.001, <0.001)  (0.001,0.005) 34.3,33.9, 31.8  0.583
CARAL(1,0) (0.25020) 874 885 (<0.001, <0.001)  (0.002, 0.004) 30.7,32.0,37.3  0.592
CARA,(1,1) (0.25,0.20) 87.5 85.8  (<0.001, <0.001) (0.003, <0.001) 31.6, 32.7, 35.7 0.589
CARA5(0,1) (0.25,0.20) 86.4 82.3  (<0.001, <0.001) (0.001, 0.005)  34.3, 33.9, 31.8 0.583
CARA5(1,0) (0.25,0.20) 87.6 92.1 (<0.001, <0.001)  (0.001, 0.013)  28.9, 30.6, 40.6 0.598
CARA5(1,1)  (0.25,0.20) 87.6 90.4 (<0.001, <0.001)  (0.002, 0.009) 29.7, 31.3, 39.0 0.595
CARA5(0,1) (0.25,0.20) 86.4 82.3  (<0.001, <0.001) (0.001, 0.005)  34.3, 33.9, 31.8 0.583
CARA3(1,0) (0.25,0.20) 87.1 92.8 (<0.001, <0.001)  (0.002, 0.016)  26.8, 28.9, 44.2 0.603
CARAs(1,1) (0.25020) 87.1 920 (<0.001, <0.001)  (0.003, 0.013)  27.5,29.7,42.9  0.601
CARA4(0,1) (0.25,0.20) 86.4 82.3  (<0.001, <0.001)  (0.001, 0.005)  34.3, 33.9, 31.8 0.583
CARA4(1,0) (0.25,0.20) 87.4 87.2  (<0.001, <0.001)  (0.001, 0.003)  32.0, 32.7, 35.2 0.589
CARA4(1,1) (0.25,0.20) 87.3 84.4  (<0.001, <0.001) (0.001, 0.002)  33.0, 33.4, 33.6 0.586
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Table 2.2b: Power (in %), proportion of treatment (in %), bias in estimation
of additive treatment effect (ATE) and overall response rate (ORR) (in %)
under CR and different CARA procedures in trial with three treatment arms

and binary endpoint at sample size N = 800.

Allocation (Ba, Bav) Power (%) ATE Bias Trt Prop (%)  ORR (%)
(N=800) TMLE  t-test TMLE Mean

CR (0.22,0.17) 87.7 86.6  (<0.001, <0.001)  (0.001, 0.001)  33.3, 33.3, 33.3 0.578
CARA,(0,1) (0.22,0.17) 874 844  (<0.001, <0.001) (<0.001, 0.004) 34.1, 33.8,32.1  0.576
CARA(1,0) (0.22,0.17) 88.1 89.3  (<0.001, <0.001)  (0.002, 0.004)  30.9, 32.1, 37.0 0.583
CARA,(1,1) (0.22,0.17) 87.9 87.5  (<0.001, <0.001) (0.002, <0.001) 31.7, 32.6, 35.7 0.581
CARA5(0,1) (0.22,0.17) 87.4 84.4  (<0.001, <0.001) (<0.001, 0.004) 34.1, 33.8, 32.1 0.576
CARA5(1,0) (0.22,0.17) 88.1 91.2 (<0.001, <0.001)  (0.001, 0.011)  29.5, 31.0, 39.5 0.587
CARA5(1,1)  (0.22,0.17) 88.3 90.7 (<0.001, <0.001)  (0.002, 0.007)  30.2, 31.5, 38.2 0.585
CARA5(0,1) (0.22,0.17) 87.4 84.4  (<0.001, <0.001) (<0.001, 0.004) 34.1, 33.8, 32.1 0.576
CARA3(1,0) (0.22,0.17) 877  93.0 (<0.001, <0.001)  (0.002, 0.013)  27.4,29.5, 43.0  0.592
CARAs(1,1) (0.22,0.17)  87.9 920 (<0.001, <0.001)  (0.003,0.010)  28.0,30.1, 4.9  0.590
CARAL0,1) (0.22,0.17) 874 844 (<0.001, <0.001) (<0.001,0.004) 34.1,33.8,32.1  0.576
CARA4(1,0) (0.22,0.17) 88.0 88.2  (<0.001, <0.001)  (0.001, 0.002)  32.2, 32.8, 35.0 0.580
CARA4(1,1) (0.22,0.17) 87.8 86.0  (<0.001, <0.001) (0.001, 0.001)  32.9, 33.3, 33.8 0.578

52



Scenario 3: Two treatments with continuous endpoint

Consider a clinical trial with two arms and bounded continuous endpoint Y € R. Suppose
that the covariate vector W = (W7, Wo, W3) and the binary subgroup indicator V(W)
are generated in the same manner. In order to study the robustness of the CARA, we

proposed the following two models to generate the endpoint Y:

3
M1: M:M0+(1+5AA) (1+5VV+ZﬁVV,p*WP>7

p=1
o= 14+ BAA
n 1+ﬁvV’

Y ~ N(t,0%),Y is truncated if Y < 0 or Y > 12.
3
M2 a=1+(1+B4A) (L+ByV)+ > By * W,
p=1

B 1+BAA
L+ By V'’

Y ~ Gamma(a,b),Y is truncated if Y > 10.

b

For a given A and V, M1 generates a symmetric distribution of Y while M2 generates
a skewed distribution of Y. The complexity in the models acknowledges not only the
treatment effect and the difference between subgroups but also their interaction effect and
within group heterogeneity due to unmeasured factors. We fixed the parameter values
By = 0.2,Bw1 = —2.2, w2 = 0.8, fws = —1.7 in model M1 and Sy = —0.2, By =
0.73, Bw2 = —1.2, Bws = 0.56 in model M2. The change of values of 34 was used to
study the properties of the proposed CARA design.

In Table 3.1a and Table 3.1b, we reported the Type I error rate for sample size n = 400

53



and n = 600 respectively. In both model M1 and model M2, TMLE demonstrates well-
controlled type I error rate under both CR and all types of CARA designs. However,
when t-test is conducted the type I error rate is controlled in CR but inflated in most
CARA designs especially for 75 = 2.

We reported the operating characteristics of our design under H; in Table 3.2a and
Table 3.2b. TMLE dominates t-test in power under CR and all types of CARA designs.
In addition, the estimation bias in TMLE is smaller and more stable compared to t-test,
which makes TMLE a more reliable analysis method. When comparing CARA and CR
with respect to treatment allocation, CARA is able to assign more than 20% patients to
the treatment arm while still holds the same power or even a higher power in model M1.
In model M2, CARA can still assign more patients to the treatment arm and retain a
good power. However, the power of CARA drops when there is a significant difference
in allocation proportion. In this case, we achieved ethics advantages by sacrificing the
efficiency properties. In practice, the choice of the designs including the values of v, and

v2 depends on the practical need and more numerical studies.
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Table 3.1a: Type I error rate (in %) under CR and different CARA proce-

dures in trial with two treatment arms and continuous endpoint at sample

size N = 400.
Allocation Model Type I error (%) | Model Type I error (%)
(N=400) TMLE  t-test TMLE  t-test
CR M1 5.29 5.11 M2 5.3 5.49

CARA;(0,1) | M1 536 604 | M2 511 517
CARA{(02) | M1 534 947 | M2 558  6.68
CARA(050) | M1 542 481 | M2 511 495
CARA((051) | M1 542 58 | M2 512 560
CARA1(052) | M1 536 912 | M2 603  6.95
CARA,(1,0) | M1 521 467 | M2 506 522
CARA((1,1) | M1 550 583 | M2 539  6.04

CARA(1,2) M1 5.53 8.81 M2 6.47 7.88

CARA,(0,1) | M1 536 604 | M2 511 517
CARA,(02) | M1 534 947 | M2 558  6.68
CARA,(050) | M1 536 490 | M2 508 493
CARA5(051)| M1 535 593 | M2 511 538
CARA,(052)| M1 542 921 | M2 579  6.96

CARA,(1,0) M1 5.26 4.74 M2 5.10 4.83

Continued on next page
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Table 3.1a — Continued from previous page

Allocation Model Type I error (%) | Model Type I error (%)

(N=400) TMLE  t-test TMLE  t-test

CARA5(1,1) M1 5.49 5.94 M2 5.16 5.49

CARA5(1,2) M1 5.40 9.14 M2 5.81 6.77

CARAs(0,1) | M1 536 604 | M2 511 517
CARA3(02) | M1 534 947 | M2 558  6.68
CARA5(05,0) | M1 514 471 | M2 505  5.08
CARA3(051)| M1 548 590 | M2 539 582
CARA3(052) | M1 541 885 | M2 615  7.13
CARAs(1,0) | M1 515 456 | M2 537 527
CARA4(1,1) | M1 529 571 | M2 536 624

CARA3(1,2) M1 5.50 8.75 M2 7.19 8.42

CARA,0,1) | M1 536 604 | M2 511 517
CARA402) | ML 534 947 | M2 558  6.68
CARA,050) | M1 528 498 | M2 516 481
CARA,051)| M1 535 601 | M2 499 521
CARA4052)| ML 532 936 | M2 568  6.72
CARA41,0) | M1 527 492 | M2 504 497

CARA41,1) | M1 538 602 | M2 509 546

Continued on next page
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Table 3.1a — Continued from previous page

Allocation Model Type I error (%) | Model Type I error (%)
(N=400) TMLE  t-test TMLE  t-test
CARA,(12) | M1 552 931 | M2 585  6.93

Table 3.1b: Type I error rate (in %) under CR and different CARA proce-

dures in trial with two treatment arms and continuous endpoint at sample

size N = 600.
Allocation Model Type I error (%) | Model Type I error (%)
(N=600) TMLE  t-test TMLE  t-test
CR M1 5.33 4.97 M2 5.26 4.91
CARA;(01) | M1 515 579 | M2 559 571
CARA(02) | M1 501 845 | M2 552  6.68
CARA:(0.5,0) | M1 5.07 4.70 M2 5.07 5.18
CARA;(051)| M1 519 550 | M2 561  6.05
CARA(052) | M1 500 836 | M2 554  7.02
CARA;(1,0) | M1 502 448 | M2 556  5.60
CARA,(1,1) M1 5.13 5.12 M2 5.26 6.21
CARA,(12) | M1 520 820 | M2 569  7.36
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Table 3.1b — Continued from previous page

Allocation Model Type I error (%) | Model Type I error (%)

(N=600) TMLE  t-test TMLE  t-test

CARA5(01) | M1 515 579 | M2 559 571
CARA,(02) | M1 501 845 | M2 552  6.68
CARA,(0.50) | M1 519 480 | M2 538 513
CARA5(051) | M1 518 565 | M2 559 572
CARA5(052) | M1 509 845 | M2 541  6.78
CARAy(1,0) | M1 502 479 | M2 507  5.10
CARA5(1,1) | M1 525 547 | M2 563 585

CARA5(1,2) M1 5.26 8.57 M2 5.55 6.72

CARAs(0,1) | M1 515 579 | M2 559 571
CARAs(02) | M1 501 845 | M2 552  6.68
CARA5(05,0) | M1 508 470 | M2 526 523
CARAs(051) | M1 520 536 | M2 552  6.08
CARAs(052) | M1 521 835 | M2 556  7.14
CARAs(1,0) | M1 512 473 | M2 527 552
CARAs(1,1) | M1 526 534 | M2 536 624

CARAs(12) | M1 526 809 | M2 584 778

CARA401) | M1 515 579 | M2 559 571

Continued on next page
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Table 3.1b — Continued from previous page

Allocation Model Type I error (%) | Model Type I error (%)
(N=600) TMLE  t-test TMLE  t-test
CARA,(02) | ML 501 845 | M2 552 6.8
CARA4(0.5,0) M1 5.22 4.90 M2 5.23 5.05
CARAL(051) | M1 518 568 | M2 562 579
CARA4(0.5,2) M1 5.12 8.52 M2 5.40 6.66
CARA4(1,0) M1 5.13 4.73 M2 5.22 5.11
CARA,(1,1) | M1 525 564 | M2 560  5.83
CARA,(1,2) M1 5.12 8.41 M2 5.47 6.70

Table 3.2a: Power (in %), proportion of treatment (in %), bias in estimation

of additive treatment effect (ATE) under CR and different CARA procedures

in trial with two treatment arms and continuous endpoint at sample size

ATE Bias (SE)

TMLE

Trt Prop (%)

Mean

N = 400.
Allocation Model (54) Power (%)
(N=400) TMLE t-test
CR M1 (0.55) 862  78.8
CARA1(0,1) M1 (0.55) 874 783
CARA1(02) M1 (0.55) 852  73.9

0.001 (0.0016)

0.001 (0.0016)

0.001 (0.0016)

0.002 (0.0017) 50.0, 50.0
0.008 (0.0017) 41.7, 58.3

0.018 (0.0018) 33.7, 66.3
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Table 3.2a — Continued from previous page

Allocation Model (84) Power (%) ATE Bias (SE) Trt Prop (%)
(N=400) TMLE  t-test TMLE Mean

CARA1(0.50) M1 (0.55) 868 795 0.001 (0.0016) 0.002 (0.0017)  49.1, 50.9
CARAL(0.5,1) M1 (0.55) 874  79.0 0.001 (0.0016) 0.006 (0.0017)  40.8, 59.2
CARA1(0.52) M1 (0.55) 849 743 0.001 (0.0016) 0.015 (0.0018)  32.9, 67.1
CARA;(1,0) M1 (0.55)  87.0  80.0 0.001 (0.0016) 0.003 (0.0017)  48.2, 51.8
CARAL(1,1) M1 (0.55) 873 795 0.001 (0.0016) 0.005 (0.0017)  39.9, 60.1
CARAL(12) M1 (0.55) 847 746 0.001 (0.0016) 0.014 (0.0018)  32.2, 67.8
CARA»(0.50) M1 (0.55)  86.7  79.6 0.001 (0.0016) 0.005 (0.0017)  49.0, 51.0
CARAy(0.51) M1 (0.55)  87.4  79.3  0.001 (0.0016) 0.004 (0.0017)  40.7, 59.3
CARA5(0.52) M1 (0.55)  85.0  74.6 0.001 (0.0016) 0.013 (0.0019)  32.9, 67.1
CARA»(1,0) M1 (0.55) 87.1 80.6  0.001 (0.0016) 0.008 (0.0017) 48.1, 51.9
CARAs(1,1) M1 (0.55) 872 80.2 0.001 (0.0016) 0.001 (0.0017)  39.8, 60.2
CARA5(1,2) M1 (0.55) 846 753 0.001 (0.0016) 0.008 (0.0017)  32.1, 67.9
CARA3(0.50) M1 (0.55)  87.1  80.3  0.001 (0.0016) 0.005 (0.0017)  48.2, 51.8
CARA3(0.5,1) M1 (0.55)  87.3  79.9 0.001 (0.0016) 0.003 (0.0017)  39.9, 60.1
CARA3(0.5,2) M1 (0.55) 84.8 74.9 0.001 (0.0016) 0.011 (0.0019) 32.2, 67.8
CARA;5(1,0) M1 (0.55) 87.0 82.0  0.001 (0.0016) 0.011 (0.0017) 46.4, 53.6
CARA3(1,1) M1 (0.55) 875  80.3  0.001 (0.0016) 0.003 (0.0017)  38.2, 61.8
CARA3(1,2) M1 (0.55) 837 759 0.001 (0.0016) 0.004 (0.0019)  30.7, 69.3
CARA4(0.5,0) M1 (0.55) 86.6 79.0 0.001 (0.0016) 0.002 (0.0017) 49.6, 50.4
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Table 3.2a — Continued from previous page

Allocation Model (84) Power (%) ATE Bias (SE) Trt Prop (%)
(N=400) TMLE  t-test TMLE Mean

CARAL0.5,1) M1 (0.55) 87.5 788 0.001 (0.0016) 0.007 (0.0017)  41.3, 58.7
CARA4(0.5,2) M1 (0.55) 85.3 74.4  0.001 (0.0016) 0.016 (0.0018) 33.4, 66.6
CARAL1,0) M1 (0.55) 867  79.3 0.001 (0.0016) 0.003 (0.0017)  49.3, 50.7
CARA4(1,1) M1 (0.55) 87.4 79.0 0.001 (0.0016) 0.006 (0.0017) 41.0, 59.0
CARA4(1,2) M1 (0.55) 85.1 74.4  0.001 (0.0016) 0.015 (0.0018) 33.1, 66.9
CR M2 (0.16) 87.7 84.0  0.001 (0.0017) 0.001 (0.0018) 50.0, 50.0
CARA1(0,1) M2 (0.16) 87.2 83.7  0.001 (0.0017) 0.002 (0.0018) 46.1, 53.9
CARA,(0,2) M2 (0.16) 841 831 0.001 (0.0018) 0.004 (0.0018)  42.2, 57.8
CARA1(0.5,0) M2 (0.16) 88.1 84.4  0.001 (0.0017) 0.001 (0.0018) 47.5, 52.5
CARA.(0.5,1) M2 (0.16) 87.0 83.8  0.001 (0.0017) 0.003 (0.0018) 43.6, 56.4
CARA,1(0.5,2) M2 (0.16) 82.4 82.6  0.001 (0.0019) 0.005 (0.0019) 39.9, 60.1
CARA,(1,0) M2 (0.16) 87.7 84.0  0.001 (0.0017) 0.001 (0.0018) 45.1, 54.9
CARA(1,1) M2 (0.16) 85.8 83.0  0.001 (0.0017) 0.003 (0.0018) 41.3, 58.7
CARA.(1,2) M2 (0.16) 80.1 81.6  0.004 (0.0021) 0.009 (0.0019) 37.6, 62.4
CARA5(0.50) M2 (0.16)  87.7  84.0 0.001 (0.0017) 0.001 (0.0018)  49.2, 50.8
CARA2(0.5,1) M2 (0.16) 87.2 83.9  0.001 (0.0017) 0.002 (0.0018) 45.3, 54.7
CARA2(0.5,2) M2 (0.16) 83.7 83.0  0.001 (0.0018) 0.005 (0.0018) 41.5, 58.5
CARA5(1,0) M2 (0.16) 87.9 84.2  0.001 (0.0017) 0.002 (0.0018) 48.4, 51.6
CARA5(1,1) M2 (0.16) 87.0 83.9  0.001 (0.0017) 0.003 (0.0018) 44.5, 55.5
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Table 3.2a — Continued from previous page

Allocation Model (84) Power (%) ATE Bias (SE) Trt Prop (%)
(N=400) TMLE  t-test TMLE Mean

CARA5(1,2) M2 (0.16) 83.1 82.8  0.001 (0.0018) 0.005 (0.0019) 40.7, 59.3
CARA3(0.50) M2 (0.16)  87.6  83.9 0.001 (0.0017) 0.001 (0.0018)  46.8, 53.2
CARA3(0.5,1) M2 (0.16)  86.6  83.9 0.001 (0.0017) 0.003 (0.0018)  42.9, 57.1
CARA3(0.5,2) M2 (0.16) 81.8 82.4  0.002 (0.0019) 0.006 (0.0019) 39.2, 60.8
CARA3(1,0) M2 (0.16) 874  83.8 0.001 (0.0017) 0.002 (0.0018)  43.6, 56.4
CARA3(1,1) M2 (0.16) 846 826 0.001 (0.0018) 0.005 (0.0018)  39.9, 60.1
CARA5(1,2) M2 (0.16) 78.1 80.9 0.008 (0.0022) 0.012 (0.0020) 36.3, 63.7
CARAL0.50) M2 (0.16)  87.7  84.0 0.001 (0.0017) 0.002 (0.0018)  49.5, 50.5
CARA4(0.5,1) M2 (0.16) 87.4 83.8  0.001 (0.0017) 0.002 (0.0018) 45.6, 54.4
CARA4(0.5,2) M2 (0.16) 83.8 83.1 0.001 (0.0018) 0.004 (0.0018) 41.7, 58.3
CARA4(1,0) M2 (0.16) 87.6 83.9 0.001 (0.0017) 0.001 (0.0018) 49.0, 51.0
CARAL1,1) M2 (0.16) 872 839 0.001 (0.0017) 0.002 (0.0018)  45.1, 54.9
CARA4(1,2) M2 (0.16) 83.5 82.9 0.001 (0.0018) 0.005 (0.0019) 41.3, 58.7
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Table 3.2b: Power (in %), proportion of treatment (in %), bias in estimation
of additive treatment effect (ATE) under CR and different CARA procedures

in trial with two treatment arms and continuous endpoint at sample size

N = 600.

Allocation Model (84)  Power (%) ATE Bias (SE) Trt Prop (%)
(N=600) TMLE  t-test TMLE Mean

CR M1 (0.43) 869  79.3  0.001 (0.0012) 0.001 (0.0014)  50.0, 50.0
CARA.(0,1) M1 (0.43) 87.4 78.3  0.001 (0.0012) 0.006 (0.0013) 43.3, 56.7
CARA,(0,2) ML (0.43) 869 744 0.001 (0.0012) 0.006 (0.0014)  36.8, 63.2
CARA;(0.5,0) M1 (0.43) 87.0 80.1  0.002 (0.0012) 0.002 (0.0013) 49.3, 50.7
CARA,(0.5,1) M1 (0.43) 87.8 78.9 0.001 (0.0012) 0.006 (0.0013) 42.6, 57.4
CARA,1(0.5,2) M1 (0.43) 86.7 74.8 0.001 (0.0012) 0.007 (0.0014) 36.2, 63.8
CARA;(1,0) ML (0.43) 874 811 0.002 (0.0012) 0.004 (0.0013)  48.6, 51.4
CARA;(1,1) ML (0.43)  87.9  79.7  0.001 (0.0012) 0.004 (0.0013)  41.9, 58.1
CARA;(1,2) M1 (0.43) 86.7 75.4  0.001 (0.0012) 0.011 (0.0014) 35.5, 64.5
CARA5(0.5,0) M1 (0.43) 87.0 80.4  0.001 (0.0012) 0.004 (0.0013) 49.3, 50.7
CARA5(0.5,1) M1 (0.43) 87.7 79.2  0.001 (0.0012) 0.004 (0.0013) 42.5, 57.5
CARA5(0.5,2) M1 (0.43) 86.9 75.2  0.001 (0.0012) 0.010 (0.0014) 36.2, 63.8
CARA5(1,0) M1 (0.43) 87.2 81.6  0.002 (0.0012) 0.007 (0.0013) 48.5, 51.5
CARA5(1,1) ML (0.43) 880  80.2 0.001 (0.0012) 0.001 (0.0013)  41.8, 58.2
CARA5(1,2) M1 (0.43) 86.6 75.9 0.001 (0.0012) 0.008 (0.0014) 35.5, 64.5
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Allocation Model (84) Power (%) ATE Bias (SE) Trt Prop (%)
(N=600) TMLE t-test TMLE Mean

CARA3(0.5,0) M1 (0.43) 87.2 81.2  0.002 (0.0012) 0.005 (0.0013) 48.6, 51.4
CARA3(0.5,1) M1 (0.43)  88.0  80.0 0.001 (0.0012) 0.008 (0.0013)  41.9, 58.1
CARA3(0.5,2) M1 (0.43) 86.7 75.6  0.001 (0.0012) 0.009 (0.0014) 35.5, 64.5
CARA3(1,0) M1 (0.43)  87.5 829 0.001 (0.0012) 0.009 (0.0013)  47.1, 52.9
CARA5(1,1) M1 (0.43) 88.0 80.8  0.001 (0.0012) 0.002 (0.0013) 40.5, 59.5
CARA5(1,2) M1 (0.43) 86.2 76.7  0.001 (0.0012) 0.006 (0.0014) 34.3, 65.7
CARA4(0.5,0) M1 (0.43) 87.0 79.7  0.001 (0.0012) 0.002 (0.0013) 49.7, 50.3
CARA,0.51) M1 (0.43) 880 789 0.001 (0.0012) 0.006 (0.0013)  43.0, 57.0
CARA,0.52) M1 (0.43)  87.0  74.8 0.001 (0.0012) 0.012 (0.0014)  63.6, 63.4
CARA4(1,0) M1 (0.43) 87.1 80.1 0.001 (0.0012) 0.003 (0.0013) 49.4, 50.6
CARA4(1,1) M1 (0.43) 87.8 79.0 0.001 (0.0012) 0.005 (0.0013) 42.7, 57.3
CARA4(1,2) M1 (0.43) 87.0 75.1  0.001 (0.0012) 0.012 (0.0014) 36.3, 63.7
CR M2 (0.13) 88.1 84.2  0.001 (0.0014) 0.001 (0.0014) 50.0, 50.0
CARAL(0,1) M2 (0.13) 873 840 0.001 (0.0014) 0.002 (0.0014)  46.8, 53.2
CARA;(0,2) M2 (0.13) 860  83.3 0.002 (0.0014) 0.002 (0.0015)  43.6, 56.4
CARA,(0.50) M2 (0.13)  87.5  83.8 0.001 (0.0014) 0.002 (0.0014)  47.9, 52.1
CARA(0.5,1) M2 (0.13)  87.2  83.7 0.001 (0.0014) 0.002 (0.0014)  44.8, 55.2
CARA;1(0.5,2) M2 (0.13) 85.3 82.8  0.001 (0.0014) 0.001 (0.0015) 41.7, 58.3
CARA(1,0) M2 (0.13)  87.5  83.8 0.001 (0.0014) 0.002 (0.0014)  45.9, 54.1
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Allocation Model (84) Power (%) ATE Bias (SE) Trt Prop (%)
(N=600) TMLE t-test TMLE Mean

CARA(1,1) M2 (0.13) 86.6 83.5 0.001 (0.0014) 0.001 (0.0015) 42.8, 57.2
CARAi(1,2) M2 (0.13) 842 824 0.001 (0.0015) 0.002 (0.0015)  39.8, 60.2
CARA»(0.50) M2 (0.13)  87.3 839 0.001 (0.0014) 0.001 (0.0014)  49.3, 50.7
CARA5(0.5,1) M2 (0.13) 87.3 84.0  0.001 (0.0014) 0.001 (0.0014) 46.1, 53.9
CARA5(0.5,2) M2 (0.13) 86.2 83.3  0.002 (0.0014) 0.001 (0.0014) 43.0, 57.0
CARA5(1,0) M2 (0.13) 87.3 83.8 0.001 (0.0014) 0.002 (0.0014) 48.7, 51.3
CARA5(1,1) M2 (0.13) 87.3 83.8  0.001 (0.0014) 0.002 (0.0014) 45.5, 54.5
CARA5(1,2) M2 (0.13) 859 832 0.002 (0.0014) 0.005 (0.0015)  42.4, 57.6
CARA3(0.5,0) M2 (0.13) 87.8 84.0  0.001 (0.0014) 0.002 (0.0014) 47.3, 52.8
CARA3(0.5,1) M2 (0.13) 87.0 83.7 0.001 (0.0014) 0.002 (0.0014) 44.1, 55.9
CARA5(0.5,2) M2 (0.13) 85.3 82.9 0.001 (0.0014) 0.002 (0.0015) 41.1, 58.9
CARA35(1,0) M2 (0.13) 87.4 83.6  0.001 (0.0014) 0.001 (0.0014) 44.7, 55.3
CARAs(1,1) M2 (0.13) 864 834 0.001 (0.0014) 0.001 (0.0015)  41.6, 58.4
CARA3(1,2) M2 (0.13) 83.3 82.0  0.001 (0.0015) 0.004 (0.0015) 38.7, 61.3
CARAL0.50) M2 (0.13) 874 838 0.001 (0.0014) 0.002 (0.0014)  49.6, 50.4
CARA4(0.5,1) M2 (0.13) 87.3 84.0  0.001 (0.0014) 0.002 (0.0014) 46.4, 53.6
CARA4(0.5,2) M2 (0.13) 86.1 83.1  0.002 (0.0014) 0.001 (0.0015) 43.2, 56.8
CARA4(1,0) M2 (0.13) 87.6 83.9 0.001 (0.0014) 0.001 (0.0014) 49.2, 50.8
CARA,(1,1) M2 (0.13)  87.3 839 0.001 (0.0014) 0.002 (0.0014)  46.0, 54.0
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Allocation Model (84) Power (%) ATE Bias (SE) Trt Prop (%)

(N=600) TMLE t-test TMLE Mean

CARA4(12)  M2(0.13)  86.1  83.3 0.001 (0.0014) 0.001 (0.0015)  42.9, 57.1

Scenario 4: Three treatments with continuous endpoint

Consider a clinical trial with three arms and bounded continuous endpoint ¥ € R.
Suppose that the covariate vector W = (W7, Wy, W3) and the binary subgroup indicator
V(W) are generated in the same manner. In order to study the robustness of the CARA,

we proposed the following two models to generate the endpoint Y:

3
M3: =g+ (14 Bad(A=1) + Bl (A=2)) (1+ByV)+ Y By * Wy,

p=1

o — 1+5A1[(A:1)+5A21(A:2>
B 1+ ByV ’

Y ~ N(u,0%),Y is truncated if Y < 0 or Y > 8.
3
Md: a=1+1+Bul(A=1)+Bal(A=2))(L+BvV)+ Y Bwp* W,
p=1

- 1+ﬁA1[(A: 1)—0—6,42[(14:2)
B 1+ BvV ’

Y ~ Gamma(a, b),Y is truncated if ¥ > 12.

b

We fixed the parameter values fy = 0.22, By = —0.22, Bywo = —0.7, fws = —0.1 in
model M3, and By = —0.4, S, = 0.26, B2 = —0.37, Bws = 0.44 in model M4. The
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values of 547 and (41 in the two models are adjusted to obtain Type I error rate and
power.

In Tables 4.1a and Table 4.1b, we reported the Type I error rate. In model M3, both
TMLE and chi-square test demonstrates well-controlled type I error under CR and all
Type of CARA designs. In model M4, TMLE and chi-square test both are able to control
Type I error rate when implemented under CR. However, when CARA is conducted,
TMLE outperforms chi-square test in terms of much lower Type I error. TMLE and
chi-square test both give inflated Type I error rate when sample size is relatively small,
n = 600. When sample size is increased to n = 800, TMLE controls Type I error rate,
though when implemented under some CARA the Type I error rate is slight over 0.06,
while chi-square test keeps rendering inflated Type I error rate when implemented under
all types of CARA designs.

In Tables 4.2a and Table 4.2b, power, proportion of treatment, bias in estimation
of ATE are compared under CR and CARA procedures for sample size n = 600 and
n = 800 respectively. TMLE dominates chi-square test in power for CR and all CARAs.
In addition, TMLE gives a more accurate estimation of the ATE than chi-square test
does. When comparing designs, in model 1, many CARAs are able to assign more than
40% patients to the treatment group and increase power by 3% simultaneously. In model
2, CARAs can also assign more than 40% to the treatment group and without losing

power.
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Table 4.1a: Type I error rate (in %) under CR and different CARA proce-

dures in trial with three treatment arms and continuous endpoint at sample

size N = 600.
Allocation Model Type I error (%) | Model Type I error (%)
(N=600) TMLE  chi-sq TMLE  chi-sq
CR M3 5.85 5.20 M4 5.81 5.2

CARA(0,1) M3 508  4.85 M4 615 814
CARAL(0,2) M3 551  5.00 M4 710 1647
CARA(050) | M3 519  4.86 M4 594  6.12
CARA;(05,1) | M3 498 494 | M4 631  10.01
CARA;(052) | M3 562 514 | M4 779  20.31
CARA;(1,0) M3 507  4.98 M4 610  7.30
CARA(1,1) M3 518 497 | M4 677 1262

CARA(1,2) M3 5.63 5.17 M4 9.51 24.09

CARA,(050) | M3 518 485 | M4 562 559
CARA,(0.51) | M3 495 494 | M4 634 881
CARA,(052) | M3 554 505 | M4 732 1752
CARA,(1,0) M3 496  4.91 M4 593 5094
CARA,(1,1) M3 516 498 | M4 634  9.60

CARA,(1,2) M3 5.52 5.13 M4 7.24 18.47

Continued on next page
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Allocation Model Type I error (%) | Model Type I error (%)
(N=600) TMLE  chi-sq TMLE  chi-sq
CARA3(0.5,0) M3 5.04 4.92 M4 5.8 6.39
CARA;3(0.5,1) M3 5.15 4.98 M4 6.27 10.78
CARA3(0.5,2) M3 5.66 5.18 M4 7.92 21.61
CARA3(1,0) M3 5.08 4.83 M4 6.18 8.56
CARA3(1,1) M3 5.29 4.99 M4 6.74 14.63
CARA3(1,2) M3 5.61 5.25 M4 10.02 26.94
CARAL050) | M3 527 48 | M4 577 535
CARA40.5,1) M3 4.98 4.89 M4 6.32 8.60
CARAL052) | M3 547 512 | M4 717  17.14
CARAL(10) | M3 512 48 | M4 578 567
CARA4(1,1) M3 5.04 4.81 M4 6.16 8.94
CARA,(12) | M3 574 510 | M4 725  17.79
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Table 4.1b: Type I error rate (in %) under CR and different CARA proce-

dures in trial with three treatment arms and continuous endpoint at sample

size N = 800.
Allocation Model Type I error (%) | Model Type I error (%)
(N=800) TMLE  chi-sq TMLE  chi-sq
CR M3 5.31 5.17 M4 5.41 5.22

CARA((01) | M3 558 527 | M4 552  7.73
CARA,(02) | M3 570 555 | M4 583  15.05
CARA((050) | M3 557 514 | M4 547 575
CARA(051) | M3 561 526 | M4 559 946
CARA,(052) | M3 568 533 | M4 604  18.06
CARA((1,0) | M3 549 505 | M4 532 701
CARA;(1,1) | M3 565 521 | M4 565  11.96

CARA(1,2) M3 5.41 5.22 M4 6.75 21.76

CARA5(050) | M3 550 511 | M4 565  5.15
CARA,(0.51) | M3 565 530 | M4 571 843
CARA5(052)| M3 564 531 | M4 592  16.14
CARA5(1,0) | M3 556 512 | M4 552  5.62
CARAy(11) | M3 566 524 | M4 545  8.90

CARA5(1,2) M3 546 526 | M4 606  16.75

Continued on next page
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Allocation Model Type I error (%) | Model Type I error (%)
(N=800) TMLE  chi-sq TMLE  chi-sq
CARA3(0.5,0) | M3 5.58 5.08 M4 5.37 6.10
CARA;3(0.5,1) M3 5.69 5.21 M4 5.61 10.11
CARA;(052) | M3 541 519 | M4 642  19.39
CARA3(1,0) M3 5.28 4.92 M4 5.70 8.23
CARA3(1,1) M3 5.47 5.04 M4 5.64 13.36
CARA3(1,2) M3 5.54 5.39 M4 6.88 24.14
CARA4(0.5,0) | M3 5.45 5.10 M4 5.50 4.97
CARA40.5,1) | M3 5.57 5.23 M4 5.65 8.26
CARA,(052) | M3 571 544 | M4 588 1562
CARA4(1,0) M3 5.54 5.09 M4 2.57 5.20
CARA4(1,1) M3 5.66 5.27 M4 5.61 8.42
CARA(12) | M3 568 527 | M4 598 1623
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Table 4.2a: Power (in %), proportion of treatment (in %), bias in estimation

of additive treatment effect (ATE) under CR and different CARA procedures

in trial with three treatment arms and continuous endpoint at sample size

N = 600.

Allocation Model (84) Power (%) ATE Bias Trt Prop (%)

(N=600) TMLE  chi-sq TMLE Mean

CR M3 (0,0.25) 87.6  83.7  (0.002, 0.001) (0.002, 0.001) 33.3, 33.3, 33.3
CARA;(0,1) M3 (0,0.25) 902 869 (0.001,0.001) (0.001,0.001) 31.0, 31.0, 37.9
CARAL(0,2) M3 (0,0.25) 910  87.4 (0.001,0.001) (0.001,0.002) 28.6, 28.6, 42.8
CARAL(0.50) M3 (0,0.25) 880 851 (0.001,0.001) (0.001,0.002) 33.0,33.0, 34.0
CARA,(0.5,1) M3 (0, 0.25) 90.4 87.7  (0.001, 0.001) (0.001, 0.002) 30.7, 30.7, 38.7
CARA1(0.52) M3 (0,0.25) 923  87.7  (0.001,0.001) (0.001, 0.003) 28.2, 28.2, 43.6
CARA((1,0) M3 (0,0.25) 882 859 (0.001,0.001) (0.001,0.003) 32.6,32.6, 34.7
CARA;(1,1) M3 (0, 0.25) 90.2 88.1  (0.001, 0.001) (0.001, 0.004) 30.3, 30.3, 39.4
CARA1(1,2) M3 (0,0.25) 910  88.3 (0.001,0.001) (0.001,0.004) 27.8,27.8, 44.4
CARA»(0.50) M3 (0,0.25) 880 855 (0.001,0.001) (0.001, 0.004) 32.9, 32.9, 34.2
CARA5(0.5,1) M3 (0, 0.25) 90.4 88.2  (0.001, 0.001) (0.001, 0.004) 30.6, 30.6, 38.9
CARA5(0.52) M3 (0,0.25) 9.2 883 (0.001,0.001) (0.001,0.005) 28.1,28.1, 43.8
CARA5(1,0) M3 (0,0.25) 885  86.9 (0.001,0.001) (0.001, 0.007) 32.5, 32.5, 35.1
CARA5(1,1) M3 (0,0.25) 90.3  89.0 (0.001, 0.001) (0.001, 0.007) 30.1, 30.1, 39.8
CARAx(1,2) M3 (0,025 911  89.1 (0.001,0.001) (0.001, 0.008) 27.7, 27.7, 44.7
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Allocation Model (54) Power (%) ATE Bias Trt Prop (%)

(N=600) TMLE chi-sq TMLE Mean

CARA3(0.50) M3 (0,0.25) 883 865 (0.001,0.001) (0.001,0.005) 32.5,32.5, 34.9
CARA3(0.5,1) M3 (0,0.25) 90.3  88.6 (0.001,0.001) (0.001,0.005) 30.2, 30.2, 39.6
CARA3(0.52) M3 (0,0.25) 910  88.6 (0.001,0.001) (0.001,0.006) 27.8, 27.7, 44.6
CARAs(1,0) M3 (0,0.25) 888  88.4  (0.001,0.001) (0.001,0.009) 31.7,31.8, 36.5
CARAs(1,1) M3 (0,0.25) 904  90.1  (0.001,0.001) (0.001,0.010) 29.4,29.3, 41.3
CARAs(1,2) M3 (0,0.25) 9.0  90.0 (0.001,0.001) (0.001, 0.011) 26.9, 26.8, 46.3
CARA4(0.50) M3 (0,0.25) 87.8 844  (0.001, 0.001) (0.001, 0.001) 33.2, 33.2, 33.6
CARA4(0.51) M3 (0,0.25) 904  87.4  (0.001, 0.001) (0.001, 0.002) 30.9, 30.9, 38.3
CARA0.52) M3 (0,0.25) 912  87.4  (0.001, 0.001) (0.001, 0.003) 28.5, 28.4, 43.2
CARA4(1,0) M3 (0,0.25) 87.9  85.0  (0.001, 0.001) (0.001, 0.002) 33.0, 33.0, 34.0
CARA4(1,1) M3 (0,0.25) 905  87.7  (0.001,0.001) (0.001,0.003) 30.7, 30.7, 38.6
CARA4(1,2) M3 (0,0.25) 913  87.7 (0.001,0.001) (0.001,0.003) 28.3,28.2, 43.5
CR M4 (0.16) 86.5 83.6  (0.001, 0.003) (0.001, 0.003) 33.3, 33.3, 33.3
CARA,(0,1) M4 (0.16) 86.8 83.4  (0.001, 0.001) (0.001, 0.006) 30.8, 32.4, 36.7
CARA1(0,2) M4 (0.16) 840 819 (0.001,0.001) (0.001,0.009) 28.3, 31.4, 40.3
CARA;1(0.5,0) M4 (0.16) 87.4 84.1  (0.001, 0.001) (0.002, 0.003) 31.8, 32.8, 35.4
CARA;(0.5,1) M4 (0.16) 86.5 83.0  (0.001, 0.001) (0.001, 0.008) 29.3, 31.8, 38.9
CARA;(0.52) M4 (0.16) 828 819  (0.002, 0.003) (0.001, 0.008) 26.8, 30.8, 42.4
CARA1(1,0) M4 (0.16) 87.8 83.8  (0.001, 0.001) (0.001, 0.008) 30.3, 32.2, 37.5
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Allocation Model (54) Power (%) ATE Bias Trt Prop (%)

(N=600) TMLE chi-sq TMLE Mean

CARA1(1,1) M4 (0.16) 860 829 (0.001,0.001) (0.001, 0.009) 27.8,31.1, 41.0
CARA1(1,2) M4 (0.16)  80.9 815 (0.003,0.006) (0.001,0.008) 25.5,30.0, 44.5
CARA»(0.50) M4 (0.16)  87.2 845 (0.001, 0.001) (0.001, 0.003) 32.9, 33.1, 34.0
CARA»(0.5,1) M4 (0.16)  86.7  83.4  (0.001, 0.001) (0.001, 0.004) 30.4, 32.2, 37.4
CARA5(0.52) M4 (0.16)  83.5  82.4  (0.001,0.001) (0.001, 0.006) 27.8, 31.2, 40.9
CARA5(1,0) M4 (0.16)  87.3 847 (0.001,0.001) (0.001, 0.005) 32.4, 32.9, 34.6
CARA5(1,1) M4 (0.16) 867  83.9 (0.001,0.001) (0.001,0.001) 29.9, 32.0, 38.1
CARA5(1,2) M4 (0.16) 833  82.6 (0.001, 0.002) (0.001,0.002) 27.4, 31.0, 41.6
CARA3(0.5,0) M4 (0.16) 87.7 84.6  (0.001, 0.001) (0.001, 0.001) 31.4, 32.6, 36.0
CARA3(0.5,1) M4 (0.16) 86.3 83.5  (0.001, 0.001) (0.001, 0.005) 28.9, 31.6, 39.6
CARA3(0.52) M4 (0.16) 821 817  (0.003,0.004) (0.001, 0.005) 26.4, 30.5, 43.1
CARAs(1,0) M4 (0.16)  87.7 845 (0.001,0.001) (0.001,0.001) 29.4, 31.8, 38.8
CARAs(1,1) M4 (0.16) 857  82.9  (0.002, 0.002) (0.003,0.001) 27.0, 30.7, 42.3
CARAs(1,2) M4 (0.16)  79.6 816 (0.006,0.009) (0.005,0.001) 24.7, 29.6, 45.7
CARA4(0.50) M4 (0.16)  87.0  84.0 (0.001, 0.002) (0.001,0.002) 33.1, 33.2, 33.7
CARA40.51) M4 (0.16)  86.8  83.4  (0.001,0.001) (0.001,0.005) 30.5,32.3, 37.1
CARA,0.52) M4 (0.16) 840  82.3  (0.002,0.002) (0.001,0.007) 28.0, 31.3, 40.7
CARA4(1,0) M4 (0.16)  87.2 844  (0.001, 0.001) (0.001, 0.002) 32.8, 33.1, 34.1
CARA4(1,1) M4 (0.16) 86.8 83.6  (0.001, 0.001) (0.001, 0.004) 30.3, 32.2, 37.5
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Table 4.2a — Continued from previous page

Allocation Model (54) Power (%) ATE Bias Trt Prop (%)
(N=600) TMLE chi-sq TMLE Mean
CARA4(1,2) M4 (0.16) 83.4 82.2  (0.003, 0.001) (0.001, 0.006) 27.7, 31.2, 41.1

Table 4.2b: Power (in %), proportion of treatment (in %), bias in estimation

of additive treatment effect (ATE) under CR and different CARA procedures

in trial with three treatment arms and continuous endpoint at sample size

N = 800.

Allocation Model (54) Power (%) ATE Bias Trt Prop (%)
(N=800) TMLE chi-sq TMLE Mean

CR M3 (0, 0.2) 83.5 80.0  (0.002, 0.001) (0.002, 0.001) 33.3, 33.3, 33.3
CARA1(0,1) M3 (0, 0.2) 86.4 82.1  (0.001, 0.001) (0.001, 0.001) 31.5, 31.5, 37.0
CARA1(0,2) M3 (0, 0.2) 87.2 83.0  (0.001, 0.001) (0.001, 0.001) 29.6, 29.5, 40.9
CARA1(0.50) M3 (0,02) 842 811 (0.001,0.001) (0.001,0.001) 33.1,33.0, 33.9
CARA,(0.5,1) M3 (0, 0.2) 86.2 82.7  (0.001, 0.001) (0.001, 0.001) 31.2, 31.2, 37.6
CARAL(0.52) M3 (0,02) 874 835  (0.001,0.001) (0.001,0.002) 29.3,29.2, 41.6
CARA,(1,0) M3 (0,0.2) 846  81.8 (0.001,0.001) (0.001,0.002) 32.8, 32.8, 34.5
CARA,(1,1) M3 (0,0.2) 864  83.9 (0.001,0.001) (0.001,0.002) 30.9, 30.9, 38.2
CARA,(1,2) M3 (0,0.2)  87.3  83.9  (0.001,0.001) (0.001,0.003) 28.9, 28.9, 42.2
CARA5(0.50) M3 (0,0.2) 843 818 (0.001, 0.001) (0.001, 0.002) 33.0, 33.0, 34.0
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Allocation Model (54) Power (%) ATE Bias Trt Prop (%)
(N=800) TMLE chi-sq TMLE Mean

CARA5(0.5,1) M3 (0, 0.2) 86.4 83.3  (0.001, 0.001) (0.001, 0.002) 31.1, 31.1, 37.8
CARA»(0.52) M3 (0,0.2)  87.4  83.8 (0.001,0.001) (0.001,0.003) 29.2,29.1, 41.7
CARA5(1,0) M3 (0, 0.2) 84.7 83.0  (0.001, 0.001) (0.001, 0.004) 32.6, 32.6, 34.7
CARA5(1,1) M3 (0,0.2) 865 847  (0.001,0.001) (0.001, 0.005) 30.8, 30.7, 38.5
CARA(1,2) M3 (0,0.2) 875 847  (0.001,0.001) (0.001,0.005) 28.8, 28.8, 42.4
CARA3(0.5,0) M3 (0, 0.2) 84.6 82.4  (0.001, 0.001) (0.001, 0.003) 32.7, 32.7, 34.6
CARA3(0.5,1) M3 (0, 0.2) 86.4 84.3  (0.001, 0.001) (0.001, 0.004) 30.8, 30.8, 38.4
CARA3(0.52) M3 (0,0.2)  87.5 845 (0.001,0.001) (0.001,0.004) 28.9, 28.8, 42.3
CARA3(1,0) M3 (0, 0.2) 84.9 84.6  (0.001, 0.001) (0.001, 0.007) 32.1, 32.1, 35.8
CARA3(1,1) M3 (0, 0.2) 86.7 85.9  (0.001, 0.001) (0.001, 0.007) 30.2, 30.1, 39.7
CARA;5(1,2) M3 (0, 0.2) 87.5 85.9  (0.001, 0.001) (0.001, 0.008) 28.2, 28.1, 43.7
CARA4(0.5,0) M3 (0, 0.2) 84.2 80.5  (0.001, 0.001) (0.001, 0.001) 33.2, 33.2, 33.6
CARA4(0.5,1) M3 (0, 0.2) 86.2 82.4  (0.001, 0.001) (0.001, 0.001) 31.4, 31.3, 37.3
CARA4052) M3 (0, 0.2) 872 832  (0.001,0.001) (0.001, 0.001) 29.4, 29.4, 41.2
CARA4(1,0) M3 (0, 0.2) 84.1 81.1  (0.001, 0.001) (0.001, 0.001) 33.1, 33.1, 33.8
CARA4(1,1) M3 (0,0.2) 862 827 (0.001,0.001) (0.001,0.001) 31.2,31.2, 37.6
CARA4(1,2) M3 (0,0.2) 874 835 (0.001,0.001) (0.001, 0.002) 29.3, 29.2, 41.5
CR M4 (0.04, 0.16) 88.7 86.8  (0.001, 0.003) (0.001, 0.003) 33.3, 33.3, 33.3
CARA1(0,1) M4 (0.04, 0.16) 89.1 86.0  (0.001, 0.001) (0.002, 0.006) 31.2, 32.4, 36.4
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Table 4.2b — Continued from previous page

Allocation Model (54) Power (%) ATE Bias Trt Prop (%)
(N=800) TMLE chi-sq TMLE Mean

CARA1(0,2) M4 (0.04,0.16) 87.9 844  (0.001,0.001) (0.003,0.010) 29.0, 31.5, 39.6
CARA1(0.50) M4 (0.04,0.16) 895  87.1  (0.001,0.001) (0.001, 0.003) 32.0, 32.8, 35.2
CARA1(0.5,1) M4 (0.04, 0.16) 89.0 85.6  (0.001, 0.001) (0.003, 0.008) 29.9, 31.8, 38.3
CARA1(0.52) M4 (0.04,0.16) 87.2 841 (0.002, 0.002) (0.003,0.010) 27.7, 30.8, 41.5
CARAL(1,0) M4 (0.04,0.16) 89.6 864  (0.001, 0.001) (0.002, 0.005) 30.7, 32.2, 37.1
CARA((1,1) M4 (0.04,0.16) 889 853  (0.001,0.001) (0.003,0.009) 28.6, 31.2, 40.3
CARA((1,2) M4 (0.04,0.16) 867 838 (0.001, 0.004) (0.002, 0.009) 26.4, 30.0, 43.5
CARA5(0.50) M4 (0.04,0.16) 895  87.3  (0.001, 0.001) (0.001, 0.002) 33.0, 33.1, 33.9
CARA2(0.5,1) M4 (0.04, 0.16) 89.2 86.0  (0.001, 0.001) (0.002, 0.004) 30.8, 32.2, 37.0
CARA5(0.5,2) M4 (0.04, 0.16) 87.6 846  (0.001, 0.002) (0.002, 0.007) 28.6, 31.3, 40.2
CARA>(1,0) M4 (0.04,0.16) 89.5  87.3  (0.001,0.001) (0.001, 0.004) 32.6, 33.0, 34.5
CARA5(1,1) M4 (0.04, 0.16) 89.1 86.1  (0.001, 0.001) (0.002, 0.002) 30.4, 32.0, 37.6
CARA»(1,2) M4 (0.04,0.16) 87.3  85.0 (0.001, 0.001) (0.002,0.005) 28.2, 31.0, 40.8
CARA3(0.50) M4 (0.04,0.16) 895  86.9 (0.001,0.001) (0.001,0.001) 31.6, 32.6, 35.8
CARA5(0.5,1) M4 (0.04, 0.16) 89.1 85.8  (0.001, 0.001) (0.003, 0.006) 29.5, 31.6, 38.9
CARA5(0.52) M4 (0.04,0.16) 87.0 842  (0.001, 0.003) (0.002, 0.007) 27.3, 30.6, 42.1
CARA5(1,0) M4 (0.04,0.16)  89.7  86.7  (0.001, 0.001) (0.001,0.001) 29.9, 31.8, 38.2
CARAs(1,1) M4 (0.04,0.16) 888  85.5  (0.001,0.002) (0.002, 0.004) 27.8,30.8, 41.5
CARA3(1,2) M4 (0.04,0.16) 853  83.7  (0.002, 0.004) (0.001, 0.004) 25.7, 20.7, 44.6
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Allocation Model (84) Power (%) ATE Bias Trt Prop (%)

(N=800) TMLE chi-sq TMLE Mean

CARA4(0.5,0) M4 (0.04, 0.16) 89.3 87.2  (0.001, 0.001) (0.001, 0.001) 33.1, 33.2, 33.7
CARA4(0.5,1) M4 (0.04, 0.16) 89.1 85.8  (0.001, 0.001) (0.002, 0.005) 30.9, 32.3, 36.7
CARA4(0.5,2) M4 (0.04, 0.16) 87.8 84.6  (0.001, 0.001) (0.003, 0.009) 28.7, 31.3, 39.9
CARA4(1,0) M4 (0.04, 0.16) 89.5 87.2  (0.001, 0.001) (0.001, 0.001) 32.9, 33.1, 34.0
CARA4(1,1) M4 (0.04, 0.16)  89.1 86.0  (0.001, 0.001) (0.003, 0.005) 30.7, 32.2, 37.1
CARA4(12) M4 (0.04,0.16) 87.6 845 (0.001,0.001) (0.002, 0.007) 28.5, 31.2, 40.3

3.5 Conclusions

In this section, we proposed an innovative framework of CARA design with TMLE. Under
the framework, we demonstrated how to set up the allocation of a patient based on the
full history of the previous patients’ treatment assignments, responses, and covariates,
and the covariates of the current patient to achieve different objectives. The TMLE is
used to handle the “messy” data which is caused by the adaption in CARA design. In
the theory part, we showed the consistency and asymptotic properties of the proposed
family of CARA designs. In addition, the TMLE has been prove to have asymptotic

normality in the proposed CARA designs under certain conditions.
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Furthermore, the simulation studies above successfully verified the concept of the de-
signs in different angels. The advantage of the proposed framework lies on two major
points. First, the proposed framework is very flexible in terms of the efficiency measure
and ethics measure. And it is capable of addressing trial efficiency and ethics simulta-
neously. The diversity of the measures of trial efficiency and ethics as well as the tuning
parameters endures us the ability to assign more patients to superior treatment arm while
retain the same power or even gain more power. Second, the nonparametric nature of
TMLE can avoid model mis-specification and control Type I error rate under different
and complicated data generating distributions. Particularly, when the normality of the
data is invalid, which is always true in real applications, our proposed framework showed
superior robustness through a two-step approach than tradition methods with respect to

type I error control, power and ATE estimation.
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4 Principles of Adaptive Seamless II/I1I Designs

4.1 Background

The drive to reduce development costs and shorten the time-to-market of new therapies
has led to the development of the methodology of ASD. Typically, such trials combine the
phase II and phase III into a single and seamless trial with two stages, the learning stage
and the confirmatory stage, and interim analyses (Bretz, Schmidli, et al. 2006, Stallard
2010). The ASD has been shown to have advantage in efficiency over the standard phase
IT and phase III trials for efficacy confirmation (Bretz, Schmidli, et al. 2006). In the
learning stage which is typically a phase II trial, the primary goal is to compare multiple
experimental treatments or drug doses simultaneously. In the interim analysis, the most
promising candidates are selected for further investigation in the confirmation stage which
corresponds to a phase III trial or the study is stopped due to futility. The final analysis
combines the “learnt data” and the “confirm data” and addresses the overall type I error
rate in statistical testing at a pre-specified level independent of the interim analysis.

In practice, hypothesis testing with type I error control is the primary focus of a
seamless phase II/III trial, with estimation being an important but secondary target
(Cohen and Sackrowitz 1989, Troendle and Yu 1999, Posch et al. 2005, Stallard and
Friede 2008, Bowden and Glimm 2008, Bowden and Glimm 2014, Todd and Stallard
2005). A critical problem in the seamless phase II/III clinical trial is to combine the data
from the two stages and control the familywise error rate (FWER).

The most crucial aspect of the problem is how to utilize the accumulating data while
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control the FWER. When the “learnt data” is used to make selection decision or used to
estimate design parameters in the interim analysis, a simple combination of the “learnt
data” and the “confirm data” to make statistical inference can considerable compromise
the FWER. That is, not only the type I error on the selected hypotheses but also the
family of the hypotheses of the adaptive trial need to be controlled at pre-specified level
(Wang, Hung, and O’Neill 2010). Certain combination methods such as the inverse x>
method (Bauer and Kohne 1994) and the weighted inverse normal method (Lehmacher
and Wassmer 1999) have been proposed to combine data from the two stages in the final
hypothesis test and to achieve a strong control of the FWER.

The control of the FWER in ASD also involves dealing with multiplicity. Multiplicity
is the potential inflation of type I error rate in clinical trials where the simultaneous
assessments of multiple testing are carried out. It is a common issue in clinical tri-
als when evaluating multiple end points, conducting subgroup analysis and comparing
several treatment arms (Dmitrienko and D’Agostino 2018, Li et al. 2016). There are
many common statistical methods and approaches that have been proposed to address
multiplicity issues. Generally, the statistical methods are classified into two categories:
single step methods and stepwise methods (FDA et al. 2017, Bretz, Hothorn, and West-
fall 2016). The single step methods reject or accept a single hypothesis independently
and do not rely on the decision of any other hypothesis, e.g., Bonferroni method, Simes
method and Dunnett method. On the contrary the stepwise methods make decision of
a single hypothesis on the basis of the decisions of other hypotheses, e.g., Holm method

(stepdown Bonferroni method), Hochberg test (stepwise Simes method) and stepdown
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Dunnett method.

4.2 Combination tests

Combination test is a common approach used in meta-analysis. It combines p-values
from independent data or studies (Heard and Rubin-Delanchy 2018). The idea of using
combination function to combine stagewise p-values was first proposed by Bauer and
Kohne 1994 and then it was applied in treatment selection by Bauer and Kieser 1999.
In ASD, a simple combination of the “learnt data” and the “confirm data” to make
statistical inference can considerable compromise the FWER. Combination test is used
to tackle this issue and achieve a strong control of the FWER.

Suppose we have n p-values (p1,...,p,) from the hypothesis test of n independent

studies. Under the null hypotheses for ¢ = 1,...,n,
HO N e U[O, 1]

There are variate of different combination methods available. Two commonly used com-

bination statistics are Fisher’s statistic (Bauer and Kohne 1994)

n
Sp = Z log p;
i=1
and Pearson’s statistic

Sp = Z log(1 — pi).

i=1

Under the null hypothesis Hy, both —2SF and —2S5p are distributed as Xgn. The combined
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p-values can be expressed as
Cr(pr,- . pa) = PH(X > —25p), Cp(pr,....p) = Pr(X = —28p).  (25)

Fisher’s statistic is more sensitive to small p-values while Pearson’s statistic is more
sensitive to large p-values. In a two stage adaptive seamless design, one can reject the

joint null hypothesis at level « if
_2SF < Xi,lfa and - 2SP < Xi,lfcw
or equivalently

1 1
pip2 < exp(—gxil_a) and (1 —pi)(1—p) < exp(—§xi1_a)'

Another commonly used combination method is the weighted inverse normal method

(Lehmacher and Wassmer 1999)

SW — 1 o (b Z?:l wiq)_l(l _pl)
Z?:l w? ’

where 0 < w; < 1 are arbitrary weighted. Under the null hypothesis Hy, Sy is distributed

as UJ0, 1] and is also the combined p-value. The weights are suggested to be proportional
to the expected difference between the Hy and H; and be inversely proportional to the
standard deviation of the statistic used in the i-th experiment (Liptak 1958, Won et al.
2009). Under circumstance that no further information is available, a widely used weight
is w; o< /n; where n; is the sample size of the i-th study. Similarly, in the final analysis
of a two stage adaptive seamless design, one can reject the joint null hypothesis at level
a if

Cw(pt, - son)=Sw=1—07 (w1(I>_1(1 —p1) Fwed (1 - pg)) < a, (26)
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where w; = \/n;/(n1 +ng), 1 =1,2.

4.3 Multiple testing methods

In this section, the three single step methods, Bonferroni method, Simes method and

Dunnett method are introduced.

Bonferroni method

Bonferroni method is a single step nonparametric test. Suppose we have a family of hy-
potheses with n single hypothesis (Hy, ..., H,). Let H denote the global null hypothesis
such that

H=H NHyN...NH,.

Let p; denote the corresponding p-values for each individual hypothesis H; for ¢ =

1,...,n. The Bonferroni test rejects an individual hypothesis H; at the FWER « if
pi <a/n or min(np;,1) < a.

Correspondingly, Bonferroni method rejects the global hypothesis H at the FWER « if
one or more individual hypothesis H; is rejected. Bonferroni method controls the FWER

at level « following from the Boole’s inequality such that

e —pe{U) (= 8) b < 3 o (= 5)) -0

1= =

Though the FWER is controlled at a pre-specified « level, Bonferroi method is rarely
used in practice. The Bonferroni method is rather conservative if there are a large number
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of hypotheses and/or the test statistics are strongly positively correlated. As a trade-off

of the strong control FWER, the Bonferroni method reduces statistical power.

Simes method

Simes method, proposed by Simes 1986, is also a single step nonparametric test. Unlike
Bonferroni method, Simes method assumes non-negative correlations between each in-
dividual p-values. Let p),7 = 1,...,n be the ordered p-values such that pi) < p) <

. < P(n)- The Simes method rejects the global hypothesis H at the FWER « if
P < ia/n for at least one ¢

or equivalently if
min{npg /i} < a.
Unlike Bonferroni method, Simes method can only be used to test the global hypothesis

H but not the individual hypothesis H;. However, Simes method is more powerful than

the global test using Bonferroni method.

Dunnett method

For scenarios that multiple treatment arms are compared with a control, Dunnett method
can be used to exploit the correlation between the p-values. Dunnett method, proposed by
Dunnett 1955, is a parametric method and assumes normality. When correctly specified,
Dunnett method provides a less conservative control of FWER and is more powerful than
the nonparametric methods such as Bonferroni method and Simes method.
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Suppose we have (K + 1) arms with K treatment arms and 1 control arm. Each arm
has n; observations for ¢ = 0,1,..., K. We assume the following parametric model for
observation Yj;,

}/;jzy’l_}—ewv izovla"'7K7 jzlv"'7ni7

where p; is the treatment effect of arm ¢ and ¢;; is the ii.d. normal term of Y;;. We
assume €;; ~ N(0,0%). For the multi-arm trial, we would like to test the K treatments
against the control:

Hi:,uz-—u():O, Zzl,,K

According to the normality assumption above, we can obtain K t-test statistics,

where ji; and ¢ are estimators of 1; and 0. The key point is that under the null hypotheses,
t; ~ t,, where t, is a univariate t-distribution with degree of freedom v = Zfio n;,—K-—1.
In addition, under the global null hypothesis H = ﬂfil H;, (t1,...,tk) is a K-variate

t-distribution with degree of freedom v and correlation matrix {p;;} xxx, where

nin; . .
= L i=1,...,K, j=1,.... K.
Pij \/(nl +n0)(nj +n0) J

The individual hypothesis H; is rejected at the FWER « if
ti 2 Ck1-a,

where cx 1 satisfies Pr[(¢y,...,tx) < (¢k1-as---sCxk1-a)] = 1 — a which can be cal-

culated based on the K-variate t-distribution with degree of freedom v and correlation
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matrix {p;; }xxx. Also, Dunnett method rejects the global hypothesis H at the FWER
« if one or more individual hypothesis H; is rejected. In practice, the multivariate t-
distribution can be approximated by a multivariate normal distribution when v is large.

Dunnett method performs better than Bonferroni method and Simes method in term
of FWER and power because of the ability of adjusting for the correlations between test
statistics. Furthermore, Dunnett test can also be extend to linear models, generalized
linear models and any other methods with an asymptotically normal distributed statistic

such as TMLE. An example and discussion will be shown in section 4.

4.4 Closure principle

The closure principle proposed by Marcus, Eric, and Gabriel 1976 is the fundamental
principle in building FWER-controlling multiple testing procedures. It has been used to
construct virtually all multiple testing methods arising in clinical trial and pharmaceutical
applications. Since closure principle based procedures strongly control FWER, it has been
applied in all confirmatory clinical trials (Dmitrienko and D’Agostino 2013). Because of
this important property, we will use the closure principle in the final stage of our proposed
ASD.

Suppose we have n hypothesis (Hy, ..., H,) in a study, n > 2. The hypothesis testing
of the individual hypothesis H; can be carried out at a local « level based on its own
test statistic ¢; and asymptotic property. Let p; denote the corresponding p-value of the

individual hypothesis testing for ¢ = 1,...,n. We form an intersection hypothesis H; for
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an arbitrary subset I C {1,...,n} and |I| > 2 such that

Hy=()H.

iel
The hypothesis testing of all intersection hypotheses can be implemented at a local «
level using either the p-values or test statistics of the individual hypotheses through
multiple testing methods, e.g., Bonferroni method, Simes method and Dunnett method.
The closure principle says that an individual hypothesis H; is rejected at FWER « if all
such intersection hypothesis H; with ¢ € I are rejected at local « level (Bretz, Schmidli,

et al. 2006).

4.5 Multiple testing in adaptive designs

In general, the idea of conducting multiple testing in adaptive designs is: a) using a
suitable combination test to fuse p-values of each individual hypothesis between trial
stages; b) constructing all intersection hypotheses and using multiple testing method on
them based on combined p-values at a local a level; ¢) using closure principle to conduct
a global test at FWER level a.

Suppose in a two stage adaptive design, there are two individual hypothesis H; and
Hy and let Hy, denote the intersection hypothesis. According to the closure principle,
the individual hypothesis Hy, Hy and the intersection hypothesis His need to be tested
in both stages. Let p; ; denote the p-value for hypothesis H;, j € {1,2,12} at stage 1,
t = 1,2. The p-value of the intersection hypotheses H; 12 can be obtained through any
suitable multiple testing method. By applying Fisher’s/Pearson’s combination test in
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(25) or weighted inverse normal combination test in (26), we have the combined p-values
of the two stages as C(p1j,p2,5), j € {1,2,12}. According to the closure principle, H; is

rejected globally at a FWER « level if simultaneously

C(p11,p21) <o, and  C(p112,p2,12) < .

In a treatment/dose selection ASD where two experimental arms are compared with a
control arm in the first stage, Hio degenerate to either H; or H, in the second stage since
one experimental arm is dropped during interim analysis. If Hy is dropped, then H; is

rejected globally at a FWER « level if simultaneously

C(pi1,p21) <o, and  C(prig,poi) < o
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5 An Adaptive Seamless Design with CARA and

TMLE

In this section, the framework for the adaptive seamless phase II/III trials with CARA
and TMLE was discussed. The generalized version of the proposed CARA design pre-
sented in section 3 is the realization of aim 3 and is applied in the first stage of the ASD.
The special case of the proposed CARA design with only two arms is the realization
of aim 2 and is used as the allocation strategy in the second stage of the ASD. In this

section, we adopted the same notation as we presented in section 3.

5.1 Framework of the ASD with CARA designs

Suppose in a typical scenario where there are (K + 1) treatment arms under investigation
in a clinical phase II and III study. Among the (K + 1) arms, K treatment arms are
compared with one control arm. Let A; € A = {0, 1, ..., K} denote the treatment assign-
ment of the ith patient. Let Y; be the one-dimensional primary endpoint outcome of the
ith patient, where it can be either binary Y; € {0,1} or continuous Y; € R. For the ith

patient, Wz = (Wi,la ey W,

inw) € W represents the patient’s baseline characteristics.
Assume we are interested in a biomarker/subgroup indicator V; that is a function of the
baseline characteristics denoted as V; = fy (W) € V.= {vy,...,v,} for the ith patient.

The choice of V' might be from previous translational research and represent a com-

prehensive understanding about the impact of baseline characteristics on the treatment
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effects.

In such scenario, an ASD can be carried out to reduce the costs and shorten the time in
the clinical trial. In addition to the good properties of ASD, we would also be interested in
assigning more patients to the superior treatment group with higher efficiency of detecting
the treatment effects. Therefore, we incorporated the ASD with CARA emphasizing on
ethics and efficiency. To operate a CARA randomization as discussed in section 3, we
first define the design parameter vector 8y = {05, a € A,v € V}, where 65 = (057, 053)

for all pairs of (a,v), such that

01 —EPo(Y‘A—a V =), 02 _EPO(YQ‘A_O’ V =w).

A

According to section 3, the estimator of 6y, 8,, = {BZ’U, a € A,v € V}, can be obtained

through equation (3) as

n Ii(a,v n I;(a,v
éa7v o Z’Lzl Gl((a7v))}/; éa7v o Z’Lzl G,L-((a,v)) }/;2
n,1 = n  Iiaw) n,2 n  Ii(aw)

> et Gi(av) 2z Gi(a,w)

where G;(+) is the conditional probability of treatment assignment A; given (X7, ..., X))

Y

in the CARA framework. Therefore, if subjects enter the trial sequentially, one can always
calculate @, after the n-th subject and use the estimate for the (n + 1)-th subject. We
also define d(a, v, 0y) and e(a,v,0y),a € A,v € V, as finite one-dimensional quantities of
efficiency and ethics measurements of treatment a in subgroup v, respectively. The choice
of the efficiency and ethics measurements are determined by different design objectives,
and will lead to different target allocation proportions.

Suppose in the protocol of the ASD, the planned total sample size is n, and the
planned sample size for the first stage is n;. Then the sample size for the second stage is
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no = n — ny. We proposed the following design framework of the ASD with CARA.
In the first stage, we assigns the ith subject with subgroup V; = v to treatment

A=a,a=0,1,..., K, with probability

e(a,v, éi_l)“d(a, v, éi_l)w

Gy(a,v) = Pr(A; = alV; = v,0,_,) = = - ,
ZkGA e(k, v, 91_1>’71d(l€, v, 02‘_1)72

where (71,72) € [0,+00)? are two tuning parameters determining the balance between
ethics and efficiency. At the end of the first stage, one treatment, say treatment k*, is
chosen to enter the second stage with the control arm based on certain criteria. For
instance, in this dissertation, the treatment arm with the largest test statistic 7j; is
selected. The details were described in the following section.

In the second stage, the control arm along with the selected treatment £* resembles
a two arm trial with the planned number of remaining patients (ny). We sequentially
assigns the i-th patient (in the second stage) with subgroup V; = v to treatment [,] =

0, k*, with probability

er(v, @z‘fl)71 di(v, éifl)w

Gi(l,v) = Pr(A; = 1|V =v,0,_1) = _ _ _ _ .
eo(v,0;-1)"do(v, 0;-1)72 + e (v, 0,1 )1 dy= (v, 0;-1)7

Note that @;_; needs to be re-estimated in stage 2. The interim analysis regarding

selection criteria and final analysis using TMLE were discussed in section 5.2.

5.2 Using TMLE in interim analysis and final analysis

The design that incorporates ASD with CARA ses the previous covariates, responses,
treatment assignments, and the current covariate to update the allocation probability for
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the next patient and uses the responses to determine which treatment will be continued
to the second stage. It is conceptually difficult to combine these two types of adaptive
designs because (1) all the responses, treatment assignments and covariates are correlated
with each other in a complicated manner; (2) the data used in the treatment selection
are also used for inference at the end of the trial. The challenges related to TMLE in
CARA have been introduced before in section 3. In this section, we proposed the an
analysis plan to overcome these difficulties.
We define a (K +1)-dimensional target parameter as ¥, = V(Fy) = (o0, Vo1, - - - Yok )s

where ¢ ; = Ep,(Y|A = j) is the j-th treatment effect for j = 0,1,..., K. For the many-

to-one comparison, we define K individual null hypothesis as Hy; : 1 ; — 10,0 = 0 for

7 =1,..., K. Based on the TMLE procedure as we discussed in section 3, we have
vn ('{b:MLE — 7,[)[)) EN N0, 2IMEEY as n — oo,

where the element of XIMEE can be estimated as

G = 1S (G ) 10A@ GhI0)10H@:, 620

Then we consider the following standardized test statistics

VAGEYE — GEYE)

T, = ,
T /ETMEE(0,0) + 6TMEE(f, ) — 26TMEE(D, )

for the j-th hypothesis. According to Theorem 5, it is easy to show that under the
null, 7; L N(0,1) for all j = 1,..., K. Therefore, each single test statistic 7 has

an approximate standard normal distribution. Moreover, (7;,7};) has an asymptotic bi-
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variate normal distribution

where

oy "17(0,0) + og M (i, j) — o5 MP(0,8) — o5 MF(0, 5)

Pij = — - — —
V (0TMEE(0,0) + od MEE (i, i) — 200 MEE(0,0)) (ad MEE(0,0) + og MEE(], §) — 208 MEE(0, )

for all 7 # j. If the null hypotheses are extended to the distribution-wise equivalence of
any two arms, then under the null we have p;; = 1/2. Therefore, the type I error rate
is controlled and asymptotically o when applying the Simes method and the Dunnett
method.

The analysis procedure is described below.

Firstly, we denote the test statistic based on the data from the first stage as 7} for
j =1,..., K (the subscript 1 stands for the first stage). In the interim analysis, the
treatment arm with the largest test statistic 7} ; is selected and is denoted as £*. The
adjusted p-values of all single hypotheses H;,j = 1,..., K and all intersection hypotheses
Hyp, I CA{1,..., K} are calculated using the Simes method or the Dunnett method at local
level . We denote these p-values as p;; and p;; for single hypothesis and intersection
hypothesis respectively.

Secondly, the selected arm k* is carried forward to the second stage and resembles
a two-arm trial along with the control. In the final analysis, the test statistic Tj« o
and the corresponding p-value py- o are calculated using TMLE based on the data from

the second stage only and not on the accumulated data. The combined p-values from
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the two-stage trial can be obtained using Fisher’s method in (25) or weighted inverse
normal method in (26). For instance, the combined p-value for a single hypothesis Hy-
is pr= = C(pg+ 1, Pr+2); and the combined p-value for an intersection hypothesis H; with
k* € Iis py = C(pr1, pr~2) since all intersection hypotheses H; with k* € I degenerate
to Hp« in the second stage.

Thirdly, to strongly control the FWER at level «, the closure principle is applied.
According to the closure principle (Marcus, Eric, and Gabriel 1976), one is able to re-
ject the null hypothesis Hy« for the selected arm k* if for any intersection hypothesis I

satisfying k* € I, the combined p-value p+ < a.

5.3 Simulation studies

In this section, we numerically evaluated the finite-sample operating characteristics of
the ASD with CARA and TMLE regarding the Type I error rate, power and other
properties. Consider an adaptive phase II/III trial with three arms in the first stage,
where two treatment/dose arms are compared to the control. In the interim analysis,
the promising one is chosen and carried forward to the second stage. We introduced
three different scenarios in terms of the type data generating distribution of the endpoint
Y: (1) binary; (2) continuous and symmetric (normally distributed); (3) continuous and
skewed (e.g. gamma distribution). The three scenarios covered most basic types of data
appeared in real applications and served as a test for the robustness of our proposed

framework.
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We also compared ASD with CARA to ASD with complete randomization (CR).
For the CARA procedure, we studied four different CARA designs representing different

ethics measurements:

~ A

CARA;: e(a,v,0; 1) = éflvma d(a,v,0; 1) = \/éffm — (é?;”171)2

CARA: e(a,0,0;1) = (1= 004 )7, dla, 0,05 1) = /00, — (01,2

~

CARA3: e(a,v,0; 1) = ézqivm *(1— églvm)_l? d(a,v, éifl) = \/é?iv1,2 - (é?j}l,l)Q

A

CARAy: e(a,v,0,-1) = cb(é?jjl,l_t 2221 éfj}m)a d(a,v, éi—l) = \/é?ivl,z - (é?j’l’l){

where n,4 denotes the number of treatment arms (ns = 3 in the first stage, nq = 2 in
the second stage), and ®(-) denotes the CDF of standard normal distribution. All the
four ethics measurements return larger value for the superior treatment arm in terms of
additive treatment effect. The efficiency measurement was chosen based on the idea of
Neyman allocation. The tuning parameters v; and v, can be assigned to different values
to further examine the validity and demonstrate the flexibility. In the Tables, we used
CARA (71, 72) to represent the above kth CARA design with tuning parameters y; and
Y2

In the interim analysis and final analysis of the ASD, the test statistics 7} ; and the
corresponding p-values p; ; were obtained using TMLE as we described previously if the
allocation was carried out using CARA. The standardized t-statistics or z-statistics were
calculated for the complete randomization. We compared four combinations of multiple

testing method and combination method: (1) Dunnett method with Fisher’s method; (2)
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Dunnett method with weighted inverse normal method; (3) Simes method with Fisher’s
method; (CR) Simes method with weighted inverse normal method. The weighted used
in the weighted inverse normal method is proportional to the square root of sample size.

In the whole simulation study, we set the sample size for the first stage is n; = 200 and
the sample size for the second stage is no = 500. Moreover, when CARA was conducted,
the first 25% and 10% of patients in the first and second stage were allocated using the
stratified permuted block (SPB) randomization and the rest patients were allocated using
TMLE. For the binary scenario, an additioal 10% (total 20%) patients in the second stage
were initially assigned by SPB for a better convergency in TMLE approach. Moreover,
we pre-specified the significance level at o = 0.05, and all the results were based on

10, 000 replications.

Scenario 1: Binary endpoint

Consider an ASD with binary endpoints, suppose we have a covariate vector W =
(W1, Wy, W3) and a binary subgroup indicator V(W) = I(W; + W5 + W3 > 1.6), where
Wy, Ws, W5 independently follow uniform distribution in [0, 1] and I(-) is the indicator
function. Assume the success rate of the binary endpoint Y is:
3
p=7> (50‘1‘@11[(14 =1) + Bal(A=2) +5VV+25W,p*Wp> :
p=1
where (8o, Bat, Baz, Bv, Bwa, Bwe, Bws) are unknown parameters. Note that the true
model of Y is a generalized linear model with a probit link function. In Tables 5.1, 5.2a

and 5.2b, we fix (8o, Bv, Bw.1, Bwa, Pws) = (0,0.2,0.22, —0.17, —0.1) while adjusting the
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values of (Sa1,Ba2) to study the FWER, power, and other properties. Thus, the initial
estimate in TMLE was from a mis-specified model.

In Table 5.1, we reported the Type I error rate with (541, S42) = (0,0). All proposed
approaches and TMLE and the traditional approach control the Type I error rate at the
nominal level 0.05. In Table 5.2a and Table 5.2b, power, correct selection rate (M) and the
proportion of control arm in the first stage (C1) and the second stage (C2) are reported.
In Table 5.2a, we considered the situation that only one arm is more effective than the
control (541 = 0, B42 = 0.33) while in Table 5.2b, there are differential treatment effects
in the two treatment arms (841 = 0.15, f42 = 0.33). Though the proposed ASDs do
not show a dominated advantage in power and correct selection rate over the traditional
approach, the proportion of control arm can be significantly dropped from 33.3% in the

first stage to 30.1% and from 50.0% in the second stage to 45.3% (e.g. CARAy(1,1)).

Table 5.1: Type I error rate (in %) comparison between the proposed ASD

and the traditional approach based ASD with binary endpoints.

Allocation Dunnett a(%) Simes (%)

N = 2004500 Fisher’'s Weighted Fisher’'s Weighted

CR (t-test) 5.39 5.37 5.18 5.00
CARA,(0,1)  5.22 4.84 5.07 4.40
CARA{(1,0)  5.29 5.02 5.11 4.56
CARA{(1,1)  5.18 4.99 5.02 4.59

Continued on next page
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Table 5.1 — Continued from previous page

Allocation Dunnett o (%) Simes (%)

N = 2004500 Fisher’'s Weighted Fisher’'s Weighted

CARA5(0,1)  5.22 4.84 5.07 4.40
CARA5(1,0)  5.11 475 4.81 4.52
CARAy(1,1)  5.34 4.99 5.10 4.63
CARA;(0,1)  5.22 4.84 5.07 4.40
CARA;(1,0)  5.42 5.06 5.16 4.80
CARAs(1,1)  5.48 5.14 5.23 4.79
CARA,0,1)  5.22 4.84 5.07 4.40
CARAL(1,0)  5.28 4.91 5.15 4.64
CARA,(1,1)  5.42 4.86 5.12 4.64

Table 5.2a: Power (in %) comparison between the proposed ASD and the
traditional approach based ASD with binary endpoints. Only one arm has

treatment effect.

Allocation (Ba1,B42) Dunnett Power(%) Simes Power(%)  M(%) C1(%) C2(%)

N = 200+500 Fisher’s Weighted Fisher’s Weighted

CR (t-test) (0,0.33)  85.55 87.07 84.55 85.12 9298 334  50.0

CARA;(0,1) (0,0.33) 85.78 87.04 84.93 85.09 93.28  32.0 46.9

Continued on next page
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Table 5.2a — Continued from previous page

Allocation (Ba1,B42) Dunnett Power(%) Simes Power(%)  M(%) C1(%) C2(%)
N = 200+500 Fisher’s Weighted Fisher’s Weighted
CARA.(1,0) (0,0.33) 85.69 86.95 84.66 85.25 93.36 31.7 46.2
CARA,(1,1) (0,0.33) 85.71 86.95 84.88 85.22 93.39 30.4 43.3
CARA5(0,1) (0,0.33) 85.78 87.04 84.93 85.09 93.28 32.0 46.9
CARA5(1,0)  (0,0.33) 8552  86.92 8450 8515 9336 329  48.9
CARA5(1,1) (0,0.33) 85.69 87.25 84.69 85.21 93.45 31.5 45.8
CARA35(0,1) (0,0.33) 85.78 87.04 84.93 85.09 93.28 32.0 46.9
CARA35(1,0) (0,0.33) 84.41 86.08 83.16 84.27 93.36 31.3 45.1
CARAs(1,1)  (0,0.33)  84.82 8626 8356  84.66  93.37 299  42.3
CARA4(0,1) (0,0.33) 85.78 87.04 84.93 85.09 93.28 32.0 46.9
CARA4(1,0) (0,0.33) 85.99 87.23 85.05 85.33 93.41 33.1 49.3
CARA4(1,1) (0,0.33) 85.90 87.16 84.97 85.30 93.35 31.7 46.2
Table 5.2b: Power (in %) comparison between the proposed ASD and the
traditional approach based ASD with binary endpoints. Two arms have
differential treatment effect.
Allocation (Ba1, Ba2)  Dunnett Power(%) Simes Power(%)  M(%) C1(%) C2(%)
N = 200+500 Fisher’'s Weighted Fisher’s Weighted
CR (t-test) (0.15, 0.33) 83.47 85.31 83.06 84.55 79.03 33.4 50.0
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Table 5.2b — Continued from previous page

Allocation (Ba1,Ba2)  Dunnett Power(%) Simes Power(%)  M(%) C1(%) C2(%)
N = 200+500 Fisher’s Weighted Fisher’'s Weighted

CARA1(0,1) (0.15,0.33) 83.90 8547 8343 8471 7947 340 509
CARA(1,0) (0.15, 0.33) 83.20 84.98 82.71 84.32 79.36 30.6 46.1
CARA(1,1) (0.15, 0.33) 83.19 85.15 82.70 84.30 79.45 31.3 46.9
CARA(0,1) (0.15,0.33) 83.90 8547 8343 8471 7947 340  50.9
CARA5(1,0) (0.15,0.33) 8263 8471 8214 8381 7934 207  44.6
CARAy(1,1)  (0.15, 0.33) 82.95 84.80 82.54 83.88 79.35 30.1 45.3
CARA5(0,1)  (0.15, 0.33) 83.90 85.47 83.43 84.71 79.47 34.0 50.9
CARA3(1,0) (0.15,0.33) 8119 8378  80.79  82.85  79.25 283  41.1
CARA3(1,1)  (0.15, 0.33) 81.61 83.84 80.94 82.91 79.21 28.3 41.7
CARA4(0,1)  (0.15, 0.33) 83.90 85.47 83.43 84.71 79.47 34.0 50.9
CARA4(1,0) (0.15,0.33) 8370 8532 8315 8425  79.61 321 482
CARA4(1,1) (0.15, 0.33) 83.56 85.37 83.20 84.57 79.40 32.7 49.0

Scenario 2: Continuous normal endpoint

Consider an ASD with bounded continuous endpoint Y € R. Suppose that the covariate

vector W = (Wy, Wy, W3) and the binary subgroup indicator V(W) are generated in the
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same manner. Assume the endpoint Y follows a normal distribution as:

3
p=po+ (L+Bnl(A=1)+ Bal(A=2))(1+6yV)+ ZﬁW,p * W,
p=1
_14Bul(A=1)+Bul(A=2)
n 1+ 6y V 7

Y ~ N(u,0?),Y is truncated if Y < 0 or Y > 8.

We fixed the parameter values (o, By, w1, Bwa, Bws) = (3,0.5,0.22, —0.17, —0.1). The
values of B4; and 4, were adjusted to obtain the FWER and power.

In Table 6.1, we reported the Type I error rate with (541, S42) = (0,0). All proposed
approaches and TMLE and the traditional approach control the Type I error rate at
the nominal level 0.05. In Table 6.2a and Table 6.2b, power, correct selection rate (M)
and the proportion of control arm in the first stage (C1) and the second stage (C2) are
reported. In Table 6.2a, we considered the situation that only one arm is more effective
than the control (841 = 0, f42 = 0.2) while in Table 6.2b, there are differential treatment
effects in the two treatment arms (541 = 0.1, B42 = 0.2). The proposed ASD with CARA
and TMLE shows a significant advantage in both power and correct selection rate over
the traditional approach. There is more than 3% increase in power and around 2.5%
increase in correct selection rate across all types of CARAs. Besides, the proportion of

control arm can be dropped to around 30% in the first stage and 45% in the second stage.
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Table 6.1: Type I error rate (in %) comparison between the proposed ASD

and the traditional approach based ASD with continuous normal endpoints.

Allocation Dunnett o (%) Simes (%)

N = 2004500 Fisher’'s Weighted Fisher’'s Weighted

CR (t-test) 5.31 5.52 5.14 5.05
CARA,(0,1)  5.16 4.98 4.87 4.62
CARA,(1,0)  5.14 5.17 4.91 4.70
CARAy(1,1)  5.07 4.79 4.79 4.48
CARA5(0,1)  5.16 4.98 4.87 4.62
CARAy(1,0)  5.02 5.03 477 450
CARAy(1,1)  5.10 4.89 4.80 4.34
CARA;(0,1)  5.16 4.98 4.87 4.62
CARAs(1,0)  5.28 5.00 4.93 455
CARAs(1,1)  5.08 4.79 4.81 4.34
CARA40,1)  5.16 4.98 4.87 1.62
CARA,(1,0)  5.11 5.08 4.91 453
CARA,(1,1)  5.12 5.00 477 455
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Table 6.2a: Power (in %) comparison between the proposed ASD and the
traditional approach based ASD with continuous normal endpoints. Only

one arm has treatment effect.

Allocation (Ba1, Ba2) Dunnett Power(%) Simes test Power(%) M(%) C1(%) C2(%)
N = 2004500 Fisher’s Weighted Fisher’s Weighted

CR (t-test) (0, 0.2) 79.57 81.61 78.32 79.27 90.01 33.4 50.0
CARA,(0,1) (0, 0.2) 83.34 84.77 82.46 82.80 91.96 31.8 46.3
CARA((1,0)  (0,02)  83.04 8461  81.97 82.72 9144 329 489
CARA.(1,1) (0, 0.2) 83.44 84.82 82.35 82.77 91.82 31.2 45.1
CARA5(0,1) (0, 0.2) 83.34 84.77 82.46 82.80 91.96 31.8 46.3
CARA(1,0)  (0,02) 8321 8482  82.09 82.906  91.69 328  48.6
CARA5(1,1)  (0,0.2) 8352 8484  82.39 82.77 9193 311 44.9
CARA5(0,1)  (0,02) 8334 8477 8246 82.80 9196 31.8  46.3
CARA5(1,0)  (0,0.2) 8329 8465  82.22 82.68  9LTL 323 475
CARA3(1,1) (0, 0.2) 83.50 84.95 82.59 82.82 92.02 30.6 43.7
CARA4(0,1) (0, 0.2) 83.34 84.77 82.46 82.80 91.96 31.8 46.3
CARA4(1,0) (0, 0.2) 83.07 84.58 82.03 82.48 91.60 33.2 49.5
CARA,(1,1)  (0,02)  83.38 8484 8245 8301 9200 315 458
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Table 6.2b: Power (in %) comparison between the proposed ASD and the

traditional approach based ASD with continuous normal endpoints. Two

arms have differential treatment effect.

Allocation (Ba1, Ba2) Dunnett Power(%) Simes Power(%)  M(%) C1(%) C2(%)
N = 200+500 Fisher’'s Weighted Fisher’s Weighted

CR (t-test) (0.1, 0.2) 78.77 81.15 78.06 80.23 72.61 334 50.0
CARA,.(0,1) (0.1, 0.2) 82.01 84.07 81.60 83.32 75.03  31.0 46.4
CARA.(1,0) (0.1, 0.2) 82.14 84.20 81.69 83.55 74.11 32.7 48.9
CARAy(1,1) (0.1,0.2) 8223 8431 81.81  83.56 7498 30.3  45.3
CARA5(0,1) (0.1, 0.2) 82.01 84.07 81.60 83.32 75.03 31.0 46.4
CARA(1,0)  (0.1,0.2) 8251 84.50 81.91 83.82 7438 325 487
CARA(1,1)  (0.1,02)  82.17 84.31 81.67 8337 7488 302  45.1
CARA5(0,1) (0.1,0.2)  82.01 84.07  81.60  83.32 7503 310 464
CARA3(1,0)  (0.1,02)  82.10 84.34 81.66 8340 7433 318 476
CARA3(1,1) (0.1, 0.2) 82.28 84.09 81.86 83.42 74.90 29.5 44.0
CARA40,1) (0.1, 0.2) 82.01 84.07 81.60 83.32 75.03  31.0 46.4
CARA4(1,0) (0.1, 0.2) 82.21 84.26 81.67 83.47 74.23 33.1 49.5
CARA4(1,1) (0.1,0.2) 8213  84.04 8172 8319 7490 30.7  45.9
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Scenario 3: Continuous skewed endpoint

Consider an ASD with bounded continuous endpoint Y € R. Suppose that the covariate
vector W = (W, W, W3) and the binary subgroup indicator V(W) are generated in the

same manner. Assume the endpoint Y follows a gamma distribution as:

3
a = 1+(1+5A1]<A: 1)—|—6A21(A:2))(1+6VV)+ZBW7P*WP,
p=1
_ 1+BA1[(A: 1)—0—6/42[(14:2)
L+ 6vV ’

Y ~ Gamma(a,b),Y is truncated if Y > 12.

b

We fixed the parameter values (Byv, Sw.1, Bwe, Bws) = (—0.4,0.26,—0.37,0.44). The
values of B4; and 41 were adjusted to obtain the FWER and power.

In Table 7.1, we reported the Type I error rate with (541, 842) = (0,0). For some
types of CARAs, Fisher’s combination test results in a slight inflated type I error rate.
The weighted inverse normal is able to control the type I error at the nominal level 0.05.
In Table 7.2a and Table 7.2b, power, correct selection rate (M) and the proportion of
control arm in the first stage (C1) and the second stage (C2) are reported. In Table
7.2a, we considered the situation that only one arm is more effective than the control
(Ba1 = 0, 849 = 0.14) while in Table 7.2b, there are differential treatment effects in the
two treatment arms (54; = 0.06, 542 = 0.15). Though most CARA types appear to
be more powerful than the traditional approach, we can observe some trade-offs exist-
ing in some types of CARA which show a slight drop in power and correct selection
rate but significantly increase the proportion of superior arms (e.g. CARA;(1,1) and
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CARAs(1,1)).

Table 7.1: Type I error rate (in %) comparison between the proposed ASD

and the traditional approach based ASD with continuous skewed endpoints.

Allocation Dunnett o (%) Simes (%)

N = 2004500 Fisher’'s Weighted Fisher’'s Weighted

CR (t-test) 4.88 491 4.69 453
CARA,(0,1)  5.52 5.39 5.26 4.80
CARA(1,0)  5.39 5.09 5.19 481
CARA(1,1)  6.23 5.55 6.01 5.22
CARA5(0,1)  5.52 5.39 5.26 4.80
CARA5(1,0)  5.08 5.23 489 477
CARA5(1,1)  5.68 5.23 5.30 488
CARA5(0,1)  5.52 5.39 5.26 4.80
CARA4(1,0)  5.46 5.03 5.30 482
CARAs(1,1)  6.72 5.67 6.54 5.37
CARA40,1)  5.52 5.39 5.26 4.80
CARA4(1,0)  5.22 5.13 4.97 477
CARA4(1,1)  5.56 5.24 5.30 477
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Table 7.2a: Power (in %) comparison between the proposed ASD and the
traditional approach based ASD with continuous skewed endpoints. Only

one arm has treatment effect.

Allocation (Ba1, Ba2) Dunnett Power(%) Simes Power(%)  M(%) C1(%) C2(%)
N = 2004500 Fisher’s Weighted Fisher’s Weighted

CR (t-test) (0, 0.14) 83.03 84.60 81.90 82.77 9243 334 50.0
CARA:(0,1) (0, 0.14) 84.05 85.91 83.03 83.93 93.01  32.0 46.9
CARA{(1,0)  (0,0.14)  84.23 8592 8321 8396 9290 3L7  46.2
CARA.(1,1) (0, 0.14) 83.32 84.66 82.21 82.88 92.33 30.4 43.3
CARA5(0,1) (0, 0.14) 84.05 85.91 83.03 83.93 93.01 32.0 46.9
CARA5(1,0) (0, 0.14) 84.80 86.08 83.86 84.10 93.12 32.9 48.9
CARA5(1,1) (0, 0.14) 83.56 85.38 82.43 83.46 92.61 31.5 45.8
CARA3(0,1) (0, 0.14) 84.05 85.91 83.03 83.93 93.01 32.0 46.9
CARA3(1,0) (0, 0.14) 84.06 85.89 83.27 83.94 93.04 31.3 45.1
CARA3(1,1) (0, 0.14) 82.38 84.35 81.23 82.10 92.10 29.9 42.3
CARA4(0,1) (0, 0.14) 84.05 85.91 83.03 83.93 93.01  32.0 46.9
CARA4(1,0) (0, 0.14) 84.88 86.38 83.72 84.33 93.13 331 49.3
CARA4(1,1) (0, 0.14) 83.98 85.74 83.00 83.88 93.03  31.7 46.2
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Table 7.2b: Power (in %) comparison between the proposed ASD and the

traditional approach based ASD with continuous skewed endpoints. Two

arms have differential treatment effect.
Allocation (Ba1, Ba2)  Dunnett Power(%) Simes Power(%)  M(%) C1(%) C2(%)
N = 2004500 Fisher’s Weighted Fisher’s Weighted
CR (t-test)  (0.06, 0.15)  84.61 86.24 8428 8551  81.93 334  50.0
CARA;(0,1) (0.06,0.15) 8549  86.95 8512  86.01  82.60 314 468
CARA:(1,0)  (0.06, 0.15) 85.60 87.19 84.99 86.33 82.61 31.0 46.1
CARA;:(1,1)  (0.06, 0.15) 84.23 86.21 83.74 85.33 82.01 29.2 43.0
CARA2(0,1)  (0.06, 0.15) 85.49 86.95 85.12 86.01 82.60 314 46.8
CARA5(1,0)  (0.06, 0.15) 85.62 87.14 85.24 86.36 82.53 32.6 48.8
CARA5(1,1)  (0.06, 0.15) 85.37 86.58 84.88 85.93 82.51 30.7 45.6
CARA5(0,1)  (0.06, 0.15) 85.49 86.95 85.12 86.01 82.60 314 46.8
CARA5(1,0)  (0.06, 0.15) 85.56 87.09 85.07 86.52 82.81 30.4 44.9
CARAs(1,1)  (0.06, 0.15)  83.67 85.92 83.20 85.01 81.76 28.6 41.9
CARA40,1) (0.06,0.15) 8549  86.95 8512  86.01  82.60 314 468
CARA4(1,0) (0.06, 0.15)  86.06 87.29 85.68 86.66 82.62 32.9 49.3
CARA4(1,1) (0.06, 0.15)  85.19 86.69 84.94 85.93 82.58 30.9 46.1
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5.4 Discussion and Conclusions

In this section, we proposed an innovative framework of ASD with CARA and TMLE.
Under the framework, we demonstrated how to carry out an ASD using CARA ran-
domization in both stages and applying TMLE to handle the “messy” data. Simulation
studies have been conducted to verify the concept through the Type I error rates and
to compare the power between the proposed ASD and the traditional ASD. We also put
the two combination methods and two multiple testing methods side-by-side to further
investigate their operating characteristics under different simulation settings.

The Simes method is more conservative than Dunnett method in all conditions for
both type I error and power. Both Fisher’s method and weighted inverse normal method
are able to control the type I error at nominal level 0.05 except that when the endpoint
is skewed, Fisher’s method inflates the type I error up to 0.067. In terms of power,
weighted inverse normal method dominated Fisher’s method in every single situation.
This phenomenon has also been discussed in other literature, e.g. Zaykin 2011, Liptak
1958, Won et al. 2009. In general, Dunnett method with weighted inverse normal method
has an overall better performance than other combinations.

Furthermore, the advantage of the proposed framework lies on two major points.
First, the proposed framework is very flexible in terms of the efficiency measure and ethics
measure. And it is capable of addressing trial efficiency and ethics simultaneously. The
diversity of the measures of trial efficiency and ethics as well as the tuning parameters

endures us the ability to assign more patients to superior treatment arm while retain
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the same power or even gain more power. Second, the nonparametric nature of TMLE
can avoid model mis-specification and control Type I error rate under different and
complicated data generating distributions. Particularly, when the normality of the data
is invalid, which is always true in real applications, our proposed framework showed
superior robustness through a two-step approach than tradition methods with respect to
type I error control, power and correct selection rate.

It is worth mentioning that in scenario 1 when the endpoint was set to be binary,
we didn’t see a clear power gain or correct selection rate increase using the proposed
ASD. During the simulation, the allocation probability G;(a,v) was restricted by a lower
bound and a upper bound, which was unnecessary for other scenarios with continuous
endpoint. Moreover, the initial number of patients in the second stage was also set to
be one time more than in other scenarios. All these may be caused by the convergence
issue in CARA where an initial estimate is needed to start the allocation procedure.
A possible solution is to use the estimates of design parameters from the first stage to
initiate the CARA procedure in the second stage. By doing this, we can potentially save
the initial number of patients in the second stage and speed up the convergence in CARA
and TMLE. However, whether or not the type I error will get compromised is unknown.

A future work is needed in both theory and simulation to confirm this thought.
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6 Conclusions

For the first two arms, we proposed an innovative framework of CARA design with
TMLE. Under the framework, we demonstrated how to set up the allocation of a patient
based on the full history of the previous patients’ treatment assignments, responses,
and covariates, and the covariates of the current patient to achieve different objectives.
The TMLE is used to handle the “messy” data which is caused by the adaption in
CARA design. In the theory part, we showed the consistency and asymptotic properties
of the proposed family of CARA designs. In addition, the TMLE has been proved
to have asymptotic normality in the proposed CARA designs under certain conditions.
Furthermore, the simulation studies successfully verified the concept of the designs in
different angels. The proposed framework shows advantage in both flexibility in terms of
efficiency and ethics and robustness in terms of type I error, power and ATE estimation.

For aim 3, we introduced the concept of incorporating CARA and TMLE in ASD.
Under the framework, we demonstrated how to carry out an ASD using CARA random-
ization in both stages and applying TMLE to handle the “messy” data in interim analysis
and final analysis. Simulation studies have been conducted to justify the validity of the
approach through the Type I error rates and to compare the power between the proposed
approach and the traditional approach. In addition to the main results, we found that
the Simes method is more conservative than Dunnett method in all conditions for both
type I error and power. Both Fisher’s method and weighted inverse normal method are

able to control the type I error at nominal level except that Fisher’s method inflates the
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rate of type I error when the endpoint is highly skewed. In terms of power, weighted
inverse normal method dominated Fisher’s method in every single situation. In general,
Dunnett method with weighted inverse normal method has an overall better performance
than other combinations.

It is worth mentioning that the performance of either CARA with TMLE or ASD
with CARA and TMLE doesn’t dominate the tradition approaches when the trials have
binary endpoint. There are two reasons for this phenomenon. First, the binary endpoint
provides much less information than continuous endpoint does. This raises the diffi-
culty in statistical inference. Second, the convergence of CARA and TMLE is the most
challenge issue particularly when trial has binary endpoint. Throughout the simulation
studies in this dissertation, three remedy methods were used to tackle this problem: (1)
one may restrict G function in some pre-specified interval which avoids the allocation
probability to be zero and one. Actually, the restriction is unnecessary for continuous
endpoint. (2) instead of allocating the initial patients in a complete random manner, one
may apply stratified permuted block randomization to achieve a more balanced initial
allocation. (3) one can increase the initial number of patients and give CARA more time
to find a more accurate estimation of the design parameters.

In summary, we accomplished the three arms in the dissertation. The proposed
design frameworks are based on semiparametric approaches and avoid making model as-
sumptions. This desirable feature makes it more appealing to biostatisticians than other
parametric methods. Moreover, the proposed design framework provides the flexibility

of balancing trial efficiency and ethics. This innovative property may further encourage
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clinicalists in practicing adaptive designs in real applications.
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7 Appendix: Proofs

Lemma 1: Suppose there is a class of estimating function MP(¢)(O;) of a parameter
¢ € R indexed by h has the following form MP(¢)(O;) = %(b(Oi) — ¢), where the
indexed function h : R — R is bounded in [Ay, hy], the indicator function Iz(z) = 1 if the
z € B. Let SP(¢) denote the martingale SP(¢) = Y1, (MP(9)(0;) — Egy.c; ME(4)(0;)).

Then %Sf(gb) 2% 0 if G is bounded in [gr, gu] for all i and 0 < g; < gy < 1.

Proof of Lemma 1: Let s denote the martingale difference s2 = MP(¢)(0,) —
Eg,.c, MP(6)(0,,). Define the true parameter of MP(¢)(0;) as Eqg,q, MP(40)(0;) =0
¢o can be expressed explicitly as 3, 1 p{Eq,(h(Y)|A = a,V = v)po(v)}/po,5(v), where
p0,5(V) = X (4.1enPo(v). We use the short notation /5(i) to denote the indicator function

I5({A;,Vi}). For p=1, E (|sP|P|0;_1) = 0. For any 1 < p < 2, we have

E(|Sz]‘3|p|0¢—1) = E |S 1”10 1)

Ip(i)
¢

Il
&

(H0) =)~ ma)en — o) |01 )

Il
&

IN
&5
TN TN TN N
ASS
N
s
(=]
Sy
|

s
S
S}

I5(i) Ip(i)
B(v) — m) + mh(@) — po,8(V) o

e

P

Oi—l)
P

Oil)

h(O;) — po,s(v)do

+ |t

< El|¢ (PO,B(U) - %) ’ (’)H)
+8 (| g 1(0) - mato)on] |01
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For the first term on the right hand side,

E <‘¢ (pO,B(v) - %) OH) — #F (‘pO,B(U) 1500

by Holder’s inequality

p p

Oi1>

<¢" (EQoGi (po,B(U)2 - éi()A—Bi?(?‘}/)i)IB(z’) + #%))p/2

1 p/2
< ¢F (1 + —2)
9L

For the second term on the right hand side,

Oi—l) < (EQOG,- (%h(@) _pO,B(U)¢O> 2)

i 0,8(V) %o N\
< (Fae (o O + (e}~ 22200830) 1001 )

max (h?, h?) p/2

9gr,

p/2

E ()%h(@) — po,B(“)%‘p

by Holder’s inequality

p/2 max p/2 _
Thus, E (|s;|P|Fiz1) < ¢F (1 + g%) + ¢ <1 + M) . For a sequence {¢; =i},
L

g1 3
we have
= = E (]si|P|O;-
ZcipE(|3i|p|Oi—1> — Z ‘ H 1)
i=1 i=1
- 1 p/ p max(hQ,hz) P/2
_ ZWOJ%%) +op (14 =) )
= p 00.
i=1

Therefore > ° E ([s:i]P]0;_1) < oo holds for all 1 < p < 2. According to the martin-

zlz

gale strong laws of large numbers,

f—: = %Z (M7 (6)(04(i)) — Egye, MY (9)(0;)) == 0,

for all ¢ € ©.
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Proof of Theorem 1:
First, simply let Ip(i) = Ii(a,v), h(O;) = Y;, ¢ = 5. Under conditions (1) and (2),

Lemma 1 gives

I;(a,v)

0D (Y, — ) = 0.
Gi(a,v)( ? 0,1) 0

i=1

a,v a.s. a.s.

It follows immediately that éml —= 07y . Similarly, we have ézg —= 0y’ Thus, 0, +%
0y as n — oo. Since under condition (3), the allocation function G; is a continuous

function in terms of 6, ; and the target allocation function G, is also a continuous

function in terms of 6y, by continuous mapping we have
Gn(a,v) =% Gola,v).

Second, if we let I5(i) = I;(a,v), h(O;) = Go(A;, V;) and ¢ = 0, we have ¢y = Gy(a,v)

1 & Li(a,v)

n < Gi(a,v)

1

Gola,v) =2 po(v)Go(a,v).
This implies that N, (n)/n <= po(v)Go(a,v).

Lemma 2: Suppose there are two estimating functions M}ﬁl(gbl)(Oi) and le;2<¢2)(0i>
indexed by h; and hy respectively. hy is bounded in [hip, hiy] and hy is bounded in
[hor, hoy]. Under the condition that By = By = {(a,v)}, we omit the superscript. Let
Sn.ny (1) and Sy, 5, (62) denote the martingales Sy, 5, (61) = > i) (M, (¢1)(0;) — Egy.c; Mn, (¢1)(O0:)),

Sy (2) = D iy (M, (02)(0:) — Eqy ., M, (62)(0;)). Then

Snp (Pr0) | p po(v) Dr20 = Pro Phahoo — Phy,0Pha 0

— N
"Gola,v) ) ’
Sn,hz (¢h2,0) ¢h1h2,0 - ¢h1,0¢h2,0 ¢h%,0 - ¢h2,0

vn
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where ¢n, 0, Phy00 Pn2,0: Pnz,00 Phans,o are the true parameters of the martingale estimating

functions My, (¢)(O:), My, (9)(O:), Mpz(9)(O0:), Myz(6)(O:), My,n, (6)(O;) respectively.

Proof of Lemma 2: By Theorem 1, we have %Sn,hl(%) 2500 and %Sn’hz(@) s
Let Sy, (¢1) and s, 4, (¢2) denote the corresponding martingale differences. It is easy to

show that the conditional variance of s;p,, S;n, and their conditional covariance are

B, (i @) = 0 (G150 = 2610m0-+ 67) = (6 (0 = on)
EQOGi (Sz’,h2 (¢2))2 = GZ:((]C(Z,}L) (¢h§,o - 2¢2¢h2,0 + ¢§> - po(U)2(¢h2,0 - ¢2>2’
Eqoc; (Sin (91)8iny(P2)) = % (Phihs0 — GP1Oho0 — G20n, 0 + P102)

—po(0)*(Bny.0 — 1) (Pny0 — P2)-

Consider a linear combination ¢; = ay8; 4, (1) + @28ip, (¢2), a1, a0 € R. We rewrite it in

vector form t; = al's;(¢1, $2)(0;), where a® = (ay, as), 8i(d1, $2)(O0;) = (Sin, (P1), Siny (62)).

The conditional variance-covariance matrix of ¢; is

9 T EQOGi (Si,h1 (¢1))2 EQOGi (8i7h1 (¢1)8i7h2 (¢2))
Vt-i = EQoGiti = « 8

EQOGi (Si,hl (¢1)Si,h2 <¢2)) EQOGi (Si,h2(¢2))2
= o (po—(v)ml —po(v)QmQ) Q,

Gi(a,v)
where
. P20 — 2610m,0 + B} Phiha0 = P1Pho0 — P20h10 + P102
1= )
Ohiha,0 — P1OPho0 — P2Phy 0 + G102 Pr3,0 — 2020n,0 + O

<¢h1,0 - (bl)Q (¢h1,0 - ¢1)<¢h2,0 - ¢2)
(¢h1,0 - ¢1)(¢h2,0 - gb?) (¢h2,0 - ¢2)2

moy =
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{t,} is a martingale difference sequence. Let T, = Y | ¢; be the martingale sum of ¢;.

We define V7 as

2 _
_VT_nh—{EonZEt = (po v)my h—{gonZE(

> —po(U)2m2> @

Since G;(a,v) depends on O;_; through éi_l, by Theorem 1 we have 0y 2% 0,. Thus,

E ( Gi({w)> — Go(la’v) as long as G;(a,v) is a bounded and continuous function of 6;_;.

Therefore, 1Vp — o (G’;O(( )) my — po(v)*m ) a. We define Wy as

—WT = lim — ZEQOG a’ <p0 v)my hm

n—o00 M, n—oo 1} G

— Po U>2m2> O

By Theorem 1 and continuous mapping, we have %WT L al < G’(’) O(S’zj)ml — po(v)ng) Q.

Thus, for the martingale ¢t; we have W LN V. For all € > 0, we have:

2

> |&

Jj=1 \/naT <—G’;°(((Zl)m1 — po(v)2m2> o
t.

x I J > €

\/naT (GI;O(%) my — Po(v)2m2> «

- 2

< l Z E Sup; |tj|
S 2
j=1 \/aT (GI;O(SJL)ml — po(v)2m2> a
cifoe e
al <G0((a 3;) my —po(v)2m2> o
< Ju (Ogﬁb% + 042¢2 + Plz)

Q%QT (po(v)my — gupo(v)?ms)

1 & gu (a3¢? + 303 + p12) /€2
X(EZI(TLS 5 U 1%¥1 2%¥2 12 )a)>—>07

o gra® (po(v)my — gupo(v)?ma
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where pjy = of max(h?;, hi;)) + a3 max(h3;, h3;). Therefore, the Lindeberg conditions

holds. By martingale central limit theorem,
I o1 D v po(v) 2
ﬁ Z (84 Si(¢1, ¢2)(OZ> — N 0, (87 mml — po(?)) mo | & (27)
i=1 ’

The convergence holds for all oy, s € R, by Cramer-Wold Theorem,

1| Sn(¢1) iN(o po(v)

e ) my — po(U)2m2> .
G
Spoa (2) ol@ )

Vn
In addition, when plugging in the true parameter we have

1 Sn7h1 (¢h170> D
— — N | 0,
vn

po(v) P20 = Biny 0 Phiha,0 = Phi,0Phs,0

GO(G,'U) 2
n,ha \Phz,0 h1h2,0 = Ph1,0¥h2,0 h2,0 = Phy0
Sua(Sns0) Dhaao — i 06 brzo— &

Proof of theorem 2: Firstly, we simply let h1(O;) =Y}, ho(O;) = Y;2. Under conditions

(1), (2), (3), (4) and (5), Lemma 2 gives
ha, v pav av  na,v D a,v
\/ﬁ <(8n,17 971,2) - (80,17Q0,2>> — N(07 E0 )7
where

1 0o — (051)" 055 — (661)60

po(v)Go(a,v) ’

005 — (051)005  bos — (655)°

av
ZO —

where 6’5 and 0y are defined as the 3rd and 4th conditional moment of Y given (A, V) =
(a,v) under Py. Two different pairs of (a,v) is zero because the the multiplicity of the

indication functions become zero. Therefore,
(0, — 09) 2 N(0, S§ARAY,

where A = diag{2%", (a,v) € A x V} is a diagonal block matrix.
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Secondly, we let h(O;) = Gy(A;, Vi) and ¢ = 0, then the true parameter ¢y, o =

Gola,v) and ¢y2 o = Go(a, v)?. Lemma 2 implies

; a,v) | =2 _Po(v) a,v a,v)?
\/—Z( AZ,Vi GO(A@,‘/z) po(v)Gola, )> — N(0, Go(a,v)GO( )2—po(v)2Go(a,v)?).

By simplifying the above expression, we have

V1 (Nao(n)/n — po(v)Gola,v)) LN (O,pg(v)Go(a,v) — po(v)2G0(a,v)2) .

Proof of Theorem 3: Consider the fluctuating model Q¢, (00, 3y, €) as defined in
(19) and (20). The local fluctuation model of Q¢,(6o, By, €0) at € then is denoted as
Qc, (00, By, €0)(€). Since € is defined as the minimum of the expectation of the loss
function defined in theorem 3 under @)y from the data generating distribution F, and the
true design parameter 8y (or Gy), the derivative of Eg,q,L(Qcq, (00, By, €0)(€)) at € =0

equals zero. Thus, we have for all j € {0,1,..., K}

Eon, (%L(anwo,ﬁo,eo)(e)) ) — Boven (Hy(Go)(Qcn (80, By €0) — V)

€=

Eqoco (1C;y1aw (Qcy (60, By, €0), Go)) =0

Eguco (%L(QGO(OOa Bo: €0)(€))

6_0) = Egyco (Qco(00. By, €0) (5, W) — V;(Qc, (00, By; €0))

= Eguco IC;w(Qcy (00, By, €0),Gp)) =0

Simply by combining the above two equations, it follows immediately that

Eqoco (1C;(Qa, (00, By, €0), Go)) =0
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According to Theorem 1.3M. Van der Laan and Robins 2012, the above equation implies

Yo — \I,(QGO (007130’ 60)) =0.

Proof of theorem 4:

By definition,

By = arg}énax Egqc, log [expit (10(8o, 8)(0))]" [1 — expit (10(6o, 3)(0))]
B Go(Ai, Vi) .
= argéﬂax Egq, (m log [expit (¢10(8o, B)(0;))] [L — expit (10(8o, B)(O;))] ) ,

where 110(0, 3)(0) = logit 9& V' + W 3. Equivalently, By is the true parameter of
0 Go(A;,Vp)
@\ 085 Gi(A:, Vi)

Go(A;,V; _
— Fow (%W (¥ — 08, Bo) (A, W»)) _o,

log [expit (10(80, 8)(O))]" [1 — expit (10(B0, B)(0:)]'

5]':50,]')

for all j € {1,...,nw}. Let M;(0,8)(0:) = G4 W;; (Vi — Q(6, B)(A;, Wy)) and

then S; (60, By) = > M;(60, B,)(0;) is a martingale. Under condition (2), we have G;
is bounded in [gp,, gy] foralliand 0 < g, < gy < 1. Forp =1, E (|M;(60, By)(0;)[?|0;-1) =

0. For any 1 < p < 2, we have

GO<Ai7 ‘/;)
g\’ S p

<—) E (‘Wu (Yi — Q(60, By) (A Wz)) ’ ‘Oi—l)

gL
gu\"
< (—) max |W;|P < oo.

E(|M;(60,8)(0:)["|0i-1) = E (’ Wi; (Yi — Q(60, By) (Ai, W) ’p‘(/)i—1>

IN

gr
Therefore, for a sequence {¢; = i},, we have that Y2 ¢, "E (|M;(60, B,)(0;)[?|0;_1) <
oo holds for all 1 < p < 2. According to the martingale strong laws of large num-
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bers, L3 M;(09,8,)(0;) == 0 holds for all j € {1,...,nw}. Since from the-
orem 1, we know 0, =% 6,. It follows immediately by continuous mapping that
LS M;i(8,,8,)(0:) *% 0. Since 13" M;(0,,8,)(0;) = 0, under condition (6)
we have

S M(0.,6,)0) = lZ(M (6n:80)(0) = M(6:,8,)(0)

n

_ (%Z—di%wen,ﬂox >) (B, — By) 5

where M (0, 8) = (M1(0,8),...,M,,,(0,3)) is the stacked vector, and

15 d R B 1 Go(A;, V) A
n 2 dﬁoJMk;(emBo)(Oz‘) = EZX_:—G (AZ,W)m]ka(O"’BO)(l_Q(O"’BO))

== Equcy (WjWkQ(OO»ﬁo)(l - Q(emﬁo))) < 0.

Assume that the matrix Egq, (WWTQ(OO,,BO)(l — Q(60,,))) is invertible, then we

have 3, 2% B, as n — co. Similarly, for €, we have

€p — argmax EQ()G() lOg [QGO (007 /807 €)i|y [1 - QGO (007 1807 6)} o
G()(Aia ‘/'L)

Gy 98 (@80, 8y, (O] [1 = Q,(80: B0, ) (0] .

= argmax Fg,q,
Equivalently, €, is the true parameter of

Go(Ai, Vi A
Bouc (‘G 17 H(Go) A W) (1 = Qo (80, By o) 4 W) ) =

forall j € {0,1,..., K}. Let M;(0, 8,6)(0;) = G273 Hi(Go) (Ai, W) (Vi — Qa, (0, B, €) (A, W)

and then S;,,(00, By, €0) = > M;(00, By, €)(O;) is a martingale. Under condition (2),

we have G; is bounded in [gy, gy] for all i and 0 < g, < gy < 1. Also Gy should be
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bounded in [gz, gy]. For p =1, E (|M;(0, By, €0)(0:)[?|O;—1) = 0. For any 1 < p < 2,

we have

E (|M;(60, By, €)(O:)["|Oi-1)

IN

( %)p 5 (]H;-(G@(Ai, W) (Y — Qo (8, Bo, €0) (A, W) HO”)

p
1
(g—U> ~ < oo
gL gL

Therefore, we have that = 7 | M;(00, 8, €)(0;) == 0 holds for all j € {0,1,..., K}.

IN

As previously showed that (9n, Bn) 2% (80, By), it follows immediately by continuous
mapping that = 3" M;(6,,,8,,€)(0:;) = 0. Since Iy M;(6,,,8,,€,)(0;) = 0, we

have

%ZM(én,BmEo)(Oz) = - <M(9n73n7€0)(01)_M(en’Bn’én)(Ol)>

where M (0, 8,¢) = (M1(0,03,€),..., Mg(0,8,€)) is the stacked vector, and

1 - G A’n‘/; N . .
= — %Hj(Go)Hk(Go)meﬂm €)(1—Q(0,,8,,€))

“% Equey (Hj(Go)Hi(Go)Q(89, By)(1 — Q(86, 8y))) -

Whenj 7& k’, H](G())Hk(Go) = O, the matrix EQOGO (H(Go)H(Go)TQ(Oo, ﬁ0>(1 — Q(eg, ,60)>)
is a diagonal matrix. Hence, we put all things together that

~

(éTw /8n7 én) ﬁ) (007 /807 60)
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as n — o0.

Proof of theorem 5:

According to Theorem 3, we have Egq, g, (go((i C(Qa,, Go)(O; )) = 0. And be-

cause (9n, Bn,é) solves the estimating equation (18) according to theorem 4, we have

LD g” :2 “// ))IC( ,Gn)(0;) = 0. Therefore, by the definition of pathwise differentia-

bility, we have

¢TMLE — o = \I/(Q*) (QGO(007 :807 60))

- Y e (GG G0)

= n Z %IC(QGb? GO)(O )

——ZEQGO [ﬁg; ClQ1 Ga)(0) - L 1CQa,, Gu)(0).

We use notation D(0,3,€)(0;) = Go(A;, V;)IC(Qo(0,3,€),Go)(0;), then we have by

Taylor expansion

—Z Ol 1602, 6,)(01) — 216G, Go)(0)
G’ GZ(Az Vz)

1<~ 1dD(8,3, o

( G d(é ﬂﬂe))| 9[3,€)=(9o,[30,eo)(0i)> (<0nvﬁnv€n) — (80, By, 60)) ,

and

—ZEQGO (@1, 6)(0) - S IC(a, Gul(0)

1 dD(6, 3, A s
<ﬁ ZEQGOGi {Gl d(é ,BB |(9[3€) (60,80, 60)(Oi>1> <(0”’ﬁn’€"> - (00760>€0>) :
=1 )
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Based on Theorem 1, we can easily have

1<~/ 1 dD(0,3,e¢) 1 dD(6,B,e€)
2 (G gos B |G 5507)) losomome =0

Assume all conditions in Theorem 8 in M. J. Van der Laan 2008 hold (where it is generally
the case), then y/n <(én,,@3n, €,) — (60, By, eo)) has an asymptotic multivariate normal

distribution. Therefore,
A'u V * ) )
f Z CIC@L G0) - G ICQe, G (0)]
n(Ai, Vi) N Go(Ai, Vi)
—n ;EQGOGi [mlc( Gu)(0i) — 72 IC(Qa,, Go)(0:) | = 0,(1).
It follows immediately that

V(EAEE — ) \/— Z C(Qay, Go)(O:) + 0,(1).

As a martingale difference Eg, ¢, go((j “f) IC(Q¢,, Go)(O;) = 0 for all i = 1,...,n, the

multivariate Lindeberg-Feller condition holds according to Condition 2 and the fact that
IC(:) € L2(P)+V. Thus, we have

TMLE

Vi (b,

— 1/)0) N (0, SEMEEY as n — oo,
where SIMLE j5 a (K + 1) x (K + 1) covariance matrix with

gMLE( k) EQOGO (IC (QG0(007ﬁ07€0) GO) ICk(QGO(eoaﬁm 60) GO))

with a consistent estimator

G =13 (G ) (0@ G(0) 16(Q5. 620
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